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Abstract 

We propose a new model of the US yield curve where expectations for future risk premia on 10-year 
bonds are considered as hidden latent variables. We extract the history of these key expectations, and 
we document a fundamental irrationality that has characterized the last 20 years and explain most 
past “conundrum”. Due to many structural changes, the short-term risk premium on 10-year bonds 
turned negative as soon as the early 2000s: since that time, investors have been systemically expecting 
a lower short-term return on 10-year bonds than on T-bills. Yet, and here lays the irrationality, 
according to our estimates, investors have never changed their view that “normal” risk premia are 
significantly positive. Quantitative Easing had a strong impact on rates, mainly because it convinced 
investors to delay the expected timeframe of the return to positive risk premia. But it did not change 
the (wrong) view that equilibrium risk premia on bonds are necessarily positive. This model highlights 
an important general phenomenon that is not proper to the bond market. When there is a lasting 
change in required short-term excess returns over T-Bills, investors often miss the structural or quasi-
structural changes in risk premia and base their decisions on a biased valuation methodology. We see 
this recurrent weakness of the fundamentalist approach as a major source of markets instability.  
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Executive Summary:  

We propose a new model of the US yield curve which formally fits into the essentially affine framework 
described by Duffee (2002).  

From an economic perspective, the main originality of the model is that we stress the key role of 
expected risk premia and introduce three unobservable latent variables directly related to the pricing 
process. The first one is the current instantaneous risk premium on a 10-year bond: i.e., how much 
excess return investors require in the short-term to hold a 10-year bond rather than T-Bills. This current 
risk premium directs the short-term tactical allocations of investors. The second latent variable is the 
long-term equilibrium, as expected by investors, for this key risk premium. As the speed of the 
expected convergence process changes over time, we also need our third latent variable to 
describe/understand the yield curve: the expected risk premium on the same 10-year bond at the 
three-year horizon.   

We have in this model a large number of latent variables to estimate (three for the risk premia and 
four for the short-rate process) and as a result there is a fundamental problem of identifiability: 
interest rates alone are insufficient to estimate the model. For this reason, we also rely on investors’ 
answers to various surveys.   

This model provides a rich and completely new reading of the yield curve history since the late 90s. 
The main conclusions are:  

- Our first latent variable, i.e., the short-term risk premium on bonds, turned negative as early 
as the early 2000s. Demand for treasuries was probably boosted in the 90s and early 2000s by 
two fundamental changes: Central banks gained in credibility in their fight against inflation and 
the succession of financial crisis gave bonds a “safe haven” status. Quantitative easing (QE) 
after the 2008-2009 financial crisis marginally pushed even lower the already negative risk 
premia on bonds, but at the time most of the way had already been done according to our 
estimates.  

- Strangely enough, investors seem to have little changed their view of the equilibrium risk 
premia over this period. Despite more than 20 years of negative risk premia on long-term 
bonds, they continue to believe that the “normal” equilibrium risk premia are still significantly 
positive. Indeed, we see here the main reason for the recurrent “conundrum” famously 
spotted for the first time by Alan Greenspan in 2005. Quite often, and indeed this was again 
the case in the early summer of 2021, most investors do not understand why current long-
term rates are so low, because they stick to the old-fashioned view that bonds are riskier than 
short-term bills.  

- Yet, despite its limited impact on current and expected equilibrium risk premia, QE has had a 
powerful impact on rates. The reason is that it completely changed the market’s view of the 
convergence process (i.e., risk premia expected in three years). QE convinced previously blind 
investors to delay the expected convergence process. QE provided a sort of catalyst to force 
investors to accept the “risk premia lower for longer” new mantra. “Lower for longer”, but not 
for ever…  

- In this context, changes in investors’ opinions about risk premia in the medium-term have 
become one of the most important drivers of the US treasury market. Recent strong and 
temporary increases in long-term rates were largely amplified by the (wrong) expectation of a 
quicker return to positive risk premia (2013 “tapering”, the 2018 short-lived bear market). 
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-  

Expected risk premium on a 10-year bond at different horizons (%).  

 

This analysis has some strong practical implications for investors, the US Treasury and the Federal 
Reserve. We also believe that the model sheds some light on an important general phenomenon 
not proper to the bond market. When there is a lasting change in the risk premia required by 
investors, they often underestimate the structural or quasi-structural changes and base their 
decisions on a biased valuation methodology. Sooner or later, this situation creates some form of 
“conundrum”, the capitulation of fundamentalist investors and an increase in volatility.  

It is often believed that mispricing in markets result from irrational investors gaining the upper 
hand over rational fundamentalist investors. But we emphasize here that fundamentalist investors 
may have their share of responsibility for their recurrent defeats and the resulting market 
instability. More efficient pricing mechanisms are possible if fundamentalists learn how to better 
navigate the shifts in risk premia.   
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Introduction 

There are many obvious anomalies in the way markets price risks. The most striking phenomenon is 
the fact that prices are often far from what “fundamentalist” analysts or investors consider to be 
normal. They speak of “conundrum”, “bubbles”, or the opposite, panic-driven fire sales at abnormally 
low prices. In other words, the risk premia embedded in prices sometimes appear to be much too low 
or much too high. Another phenomenon is the mysterious volatility observed in most markets. 
According to valuation models, prices should move when new information changes the expected 
payoffs of various assets, or the risk premia required by investors. But markets can move sharply 
without any new information and observers mention “technical factors” like profit taking or the 
intervention of stop-loss orders.  

There is no clear explanation for these phenomena that reflect the difficulty of financial markets to 
price assets in a reasonable and stable manner. The most convincing view is that part of the market is 
not very rational: investors may form naive views about future payoffs or/and extrapolate trends with 
little attention to the fundamental value of various assets. In other words, in this view, there is a 
continuous battle between fundamentalist investors who try to value assets with reasonable risk 
premia and “noise traders” who act as a destabilizing force. Interestingly, some models show that 
fundamentalist investors may rationally alter their behavior with the presence of irrational investors 
and act themselves in a destabilizing manner (“It becomes hard to tell the noise traders from the 
arbitrageurs” as Shleifer and Summers (1990) put it in their seminal paper).   

There is probably some truth in this description of markets functioning. Yet, we believe that the 
presence of irrational investors exonerates a bit too rapidly fundamentalist investors of their own 
responsibilities. Fundamentalist investors may also lose the control of markets because their models 
are simply flawed. More precisely, we defend in this paper the view that fundamentalist analysts often 
miss structural breaks in the risk premia required by investors and thus have an inaccurate view of the 
valuations justified by fundamentals. They progressively lose the confidence of investors, and markets 
enter in a more chaotic pricing process as they adjust to the new situation. And during this chaotic 
process, some of the “noise traders”, armed with non-fundamental quantitative models, may be the 
true rational investors who make some serious money… 

In this paper, we document this process of “fundamentalists capitulation” by focusing our attention 
on the US Treasuries market. This choice is justified by many reasons:  

- This is a key market providing the “risk-free” assets on which the pricing of all other risky assets 
depends.  

- Over the last 20-years, long-term rates have often surprised observers as too low. It has often 
been difficult to understand the behavior of this key market. In 2005, Federal Reserve 
Chairman Alan Greenspan famously spoke of a “bond conundrum”. And in September 2018, 
Cohen, Hördahl and Xia (2018) noted in the quarterly bulletin of the BIS that “In recent years, 
government bond yields have not always responded predictably to macroeconomic or 
monetary policy news. Long-term yields in the United States remained stubbornly low even as 
the Federal Reserve initiated a series of interest rate hikes away from zero starting in late 
2015”. 

- There are many reasons to believe that bonds risk premia may have been impacted by a 
structural break since the 90s. Central banks have gained in credibility in their fight against 
inflation, the succession of financial crisis has given bonds a “safe haven” status and more 
recently Quantitative Easing (QE) has diminished the supply of bonds available for private 
investors. It is particularly interesting to study how risk premia have changed over the last 
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decades and how these changes have been incorporated into prices: in a process dominated 
by rational fundamentalist investors or in a more chaotic process? 

- Last but not least, the Treasuries market has some special characteristics that make it very 
attractive to study pricing mechanisms. The valuation models are analytically relatively easy 
to manipulate, the yield curve is full of information relatively easy to read and there are many 
surveys with a long history that give a direct insight on investors past expectations.   

In the first section, we present the traditional valuation model for Treasuries. Long-term rates depend 
on future expected short-term rates, determined by monetary policy, and on future expected risk 
premia. We discuss more precisely the information available in forward rates which is rich, yet 
probably insufficient to separate the role of expected short-term rates and expected future risk 
premia. In the second section, we present our model which uses some available surveys on top of the 
yield curves to extract the expected dynamic of the risk premia. In the third section, we present the 
results of the estimation and how they clarify the history of this market since the late 90s. We show 
that as soon as the early 2000s, a positive gap appeared between the fundamental demand and supply 
of US Treasuries. To balance the market, the short-term risk premia (i.e., the short-term excess return 
on bonds versus bills) has turned negative to convince investors to shorten the duration of their 
portfolios. Yet, long-term forward rates show that investors completely miss this structural break for 
decades. Even now, it appears that long-term bonds are priced on the assumption that the normal risk 
premia on bonds are significantly positive. In some ways, despite years of conundrum, a flawed view 
of market equilibrium still seems priced into the market. This section also looks at how QE has changed 
the situation. QE increased this gap between demand and supply, but not in a radical way: as 
mentioned, these short-term negative risk premia were already remarkably high in absolute term 
before (especially during the 2005 “conundrum” episode). Yet, QE has altered how the market saw the 
risk premia convergence process: while equilibrium risk premia are still supposed to climb back in the 
future, the expected speed of convergence has been drastically reduced. Thus, this paper highlights a 
new and powerful transmission mechanism of QE: it was very efficient to lower long-term rates not 
because of its direct impact on current risk premia, but because the market was in a fragile state and 
still very much characterized by Greenspan’s “conundrum”. Investors had a flawed view of future risk 
premia and QE provided the catalyst for a sharp downward revision on these future risk premia. But 
what is fascinating, is that only the speed of convergence seems to have changed: the mainstream 
fundamental view of investors still seems to be that in the very long-term equilibrium risk premia on 
bonds are necessarily positive. Fundamentalist analysts seem less wrong now that they were back in 
2005, but their long-term view of risk premia probably remains a bit naive. In the fourth section, we 
leave the specifics of the US Treasuries market and come back to the general question of market 
instability and the role played by fundamentalists, contrarians and chartists. In the last section, we 
conclude with some thoughts on how to improve the model used in this article and the difficulties to 
adapt this approach to the stock market.       
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1/ Arbitrage theory and the yield curve economics: how to read the forward rates?   

In this section, we will review the economic factors that determine the behavior of long-term interest 
rates. Obviously, as with all types of financial assets, expectations play a central role. Current markets 
prices always depend on a set of expectations about a few key economic variables. What are these key 
variables for the Treasuries market?  How to extract information on these variables from rates and 
forward rates?  

It is well understood that rates on medium or long-term bonds result from a risky arbitrage between 
bonds and monetary instruments. Current long-term rates should be such that holders of bonds can 
reasonably expect in the future the same return than on monetary instruments, with of course a 
correction for the difference of risk.  

It is mathematically very convenient to express this fundamental arbitrage in a continuous time setting 
assuming a Markov process. The key starting point is thus equation (1) which describes how the price 
of a zero-coupon bond which pays 1 at date T should evolve around time.   

(1)       
𝑑𝑑𝑑𝑑(𝑡𝑡,𝑇𝑇)
𝑑𝑑(𝑡𝑡,𝑇𝑇)

=    (𝑟𝑟0 (𝑡𝑡)  +  𝜋𝜋(𝑇𝑇 − 𝑡𝑡, 𝑡𝑡)) 𝑑𝑑𝑡𝑡 + 𝜎𝜎(𝑇𝑇 − 𝑡𝑡, 𝑡𝑡)𝑑𝑑𝑑𝑑(𝑡𝑡) 

 

Where 𝑟𝑟0 (𝑡𝑡)is the instantaneous short rate at date t, 𝜋𝜋(𝐷𝐷, 𝑡𝑡) the instantaneous risk premium at date 
t for a zero-coupon bond of duration D,  𝜎𝜎(𝐷𝐷, 𝑡𝑡) the volatility of the price P of the same bond at date t 
and dz(t) a brownian motion. This equation states that investors in bonds collect a time-varying risk 
premium dependent on duration and are exposed to shocks. The time-varying risk premium could also 
be called the “tactical allocation” risk premium: it is the short-term risk premium required by investors 
to absorb the available supply of assets.  

Applying Itô’s lemma to equation (1), with the final condition P(T,T) = 1, we easily find the initial price 
at date 0 of this bond (𝑑𝑑(0,𝑇𝑇)) which is fully coherent with the expected level of future short-rates 
and risk premia.   

 

 𝑳𝑳𝑳𝑳𝑔𝑔 (𝑑𝑑(0,𝑇𝑇))  = 𝐸𝐸𝑡𝑡 �−� 𝑟𝑟0 (𝑠𝑠)
𝑇𝑇

0
𝑑𝑑𝑠𝑠  − � 𝜋𝜋(𝑇𝑇 − 𝑠𝑠, 𝑠𝑠)𝑑𝑑𝑠𝑠

𝑇𝑇

0
 + 1

2� � 𝜎𝜎2
𝑇𝑇

0
(𝑇𝑇 − 𝑠𝑠, 𝑠𝑠)𝑑𝑑𝑠𝑠� 

 

The continuously compounded rate 𝑟𝑟𝑇𝑇(0) at date t=0 on a zero-coupon treasury with a maturity T is 

defined by 𝑑𝑑(0,𝑇𝑇) = 𝑒𝑒−𝑇𝑇 𝑟𝑟𝑇𝑇(0) or equivalently 𝑟𝑟𝑇𝑇(0) = −𝐿𝐿𝐿𝐿𝑔𝑔(𝑑𝑑(0,𝑇𝑇))/𝑇𝑇 . Thus, we have the 
fundamental relations which determines at date t the level of long-term rates (with the continuously 
compounded convention) of various maturities T:    

 

(2) 𝑟𝑟𝑇𝑇(𝑡𝑡) =
�∫ 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑠𝑠))𝑡𝑡+𝑇𝑇
𝑡𝑡 𝑑𝑑𝑠𝑠�

𝑇𝑇
+
�∫ 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑡𝑡 + 𝑇𝑇 − 𝑠𝑠, 𝑠𝑠)�𝑑𝑑𝑠𝑠𝑡𝑡+𝑇𝑇
𝑡𝑡 �

𝑇𝑇

− (� 𝐸𝐸𝑡𝑡(𝜎𝜎2
𝑡𝑡+𝑇𝑇

𝑡𝑡
(𝑡𝑡 + 𝑇𝑇 − 𝑠𝑠, 𝑠𝑠))𝑑𝑑𝑠𝑠)/2𝑇𝑇 
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Or, with a change of variable in the integrals:  

(2𝑏𝑏𝑏𝑏𝑠𝑠) 𝑟𝑟𝑇𝑇(𝑡𝑡) =
�∫ 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑢𝑢 + 𝑡𝑡))𝑇𝑇
0 𝑑𝑑𝑢𝑢�

𝑇𝑇
+
�∫ 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)�𝑑𝑑𝑢𝑢𝑇𝑇
0 �

𝑇𝑇

− (� 𝐸𝐸𝑡𝑡(𝜎𝜎2
𝑇𝑇

0
(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢))𝑑𝑑𝑢𝑢)/2𝑇𝑇 

 

Any long-term rate should be an average of future expected short rates (first term), plus a risk premium 
equal to the average of future expected short-term risk premia on bonds of declining durations (second 
term), minus a corrective term linked to the bonds current and future volatilities.  

This corrective term dependent on volatilities appears a bit mysterious. Why do we need more than 
expected future short rates and risk premia to explain long term rates? It is not such an easy question… 
Behind the mathematical impact of Itô’s lemma, let’s simply say that this is the consequence of the 
difference between the most likely and the average expected outcomes. Prices of bond cannot become 
negative, and this is good for investors. The distribution of returns is slightly biased upward, and 
investors can accept (slightly) lower long-term rates than in a hypothetical world without volatility.  

From the fundamental pricing equations (2) or (2bis), it interesting to extract the implied forward rates 
embedded in the yield curve.  

Forward rates are the future rates that can be locked-in now. Let’s call  𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) the forward rate at 
date t on a discount bond of duration D bought at the forward horizon T (i.e., delivered at the date 
t+T). It should be equivalent to buy today at date t a discount bond maturing on t+T+D or a bond 
maturing on t+T, accompanied by a forward transaction between t + T and t + T + D.  

Thus:  

  𝑒𝑒𝑇𝑇 𝑟𝑟𝑇𝑇(𝑡𝑡) 𝑒𝑒𝐷𝐷 𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) =  𝑒𝑒(𝑇𝑇+𝐷𝐷)𝑟𝑟𝑇𝑇+𝐷𝐷(𝑡𝑡) 

As a result, we get the well-known fundamental relationship between forward rates of various 
durations D and spot rates:   

 𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) = ((𝑇𝑇 + 𝐷𝐷)𝑟𝑟𝑇𝑇+𝐷𝐷(𝑡𝑡) −  𝑇𝑇 𝑟𝑟𝑇𝑇(𝑡𝑡))/𝐷𝐷 

 

When D tends toward 0, the forward rates converge toward the instantaneous forward rates. To 
simplify the notations, we’ll call these instantaneous forward rates f(t,T) rather than  𝐹𝐹0(𝑡𝑡,𝑇𝑇).  

By construction, it is equivalent to buy a bond of the maturity T or to build the right portfolio of these 
instantaneous forward rates.  
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Thus, we have the key relationships:  

(3) 𝑟𝑟𝑇𝑇(𝑡𝑡) = � 𝑓𝑓(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢/𝑇𝑇
𝑇𝑇

0
 

or  

(3𝑏𝑏𝑏𝑏𝑠𝑠) 𝑓𝑓(𝑡𝑡,𝑇𝑇) =
𝜕𝜕(𝑇𝑇 𝑟𝑟𝑇𝑇(𝑡𝑡))

𝜕𝜕𝑇𝑇
 

As f(t,T) is the instantaneous rate at which it is in principle possible to commit at date t to  lend (or 
borrow) at the T horizon (i.e., at the date t+T), it is often considered as a proxy for the expected  short 
rate at this horizon, 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)). That would be true in a world without risk premia and volatility. 
But in the real world, we can deduct from (2bis) and (3bis) that: 

 

(4)  𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)� + 𝜋𝜋(𝑇𝑇, 𝑡𝑡) −
𝜎𝜎2(𝑇𝑇, 𝑡𝑡)

2
 

+� 𝐸𝐸𝑡𝑡 �
𝜕𝜕𝜋𝜋(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)

𝜕𝜕𝑡𝑡
�𝑑𝑑𝑢𝑢 −

𝑇𝑇

0
 (� 𝐸𝐸𝑡𝑡 �

𝜕𝜕𝜎𝜎2(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)
𝜕𝜕𝑡𝑡

� 𝑑𝑑𝑢𝑢)/2
𝑇𝑇

0
 

 

In a stationary environment where risk premia and volatilities are expected to stay stable 

(i.e.,𝜕𝜕𝜋𝜋(𝑢𝑢,𝑡𝑡+𝑇𝑇−𝑢𝑢)
𝜕𝜕𝑡𝑡

= 0 and 𝜕𝜕𝜎𝜎
2(𝑢𝑢,𝑡𝑡+𝑇𝑇−𝑢𝑢)

𝜕𝜕𝑡𝑡
= 0), instantaneous forward rates are easy to read:  

 

        (5)       𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)� + 𝜋𝜋(𝑇𝑇, 𝑡𝑡) − 𝜎𝜎2(𝑇𝑇, 𝑡𝑡)/2 in a stationary environment.  

 

With stable volatilities and risk premia, the instantaneous forward rate at the T horizon is equal to the 
expected short rates at this horizon, plus the risk premium on a discount bond with a duration T, minus 
a volatility correction equal to half the variance of this discount bond price.   

This is an important relation, and these highly significative risk premia and volatility corrections should 
never be forgotten while discussing observed forward rates. Yet, reading forward rates is much more 
difficult when markets are not in a stationary environment, whether it is because volatility is abnormal 
or because investors believe that current risk premia are not at their equilibrium level. In this case, 
forward rates will also reflect the convergence process towards equilibrium, and equation (4) shows 
how they depend on the derivative of the risk premia and variances relatives to the passing of time. 
There is still a lot of information in forward rates in a non-stationary environment, but it is much more 
difficult to extract!  

This extraction needs a complete yield curve model as the one discussed in next section. Yet, even 
without this forthcoming full model, it is possible to go a bit further than equation (4) and give some 
first indications on how forward rates move when volatilities and risk premia are not stabilized.  
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Let’s start with the volatility correction.  

It is possible to have an order of magnitude for this correction, and how it can change over time. The 
following Figure show how historically the (annualized) volatility of the price of discount bonds 
depended on duration1.   

 

Figure 1: Discount bonds volatility 

 

 

We can see on Figure 1 that the relation is almost linear: the volatility is close to proportional to the 
bonds’ durations. This is not surprising: yields of various maturities are highly correlated and as a result 
the volatility of bonds prices is closely linked to their durations2.   

As a result, the volatility correction (𝜎𝜎
2(𝑇𝑇,𝑡𝑡)
2

 in a stationary environment) is related to the square of 
duration and is sharply rising with duration. As visible in Figure 2, for 5-year forward rates, there is a 
small correction (around 10 basis points). This correction rises to 41 basis points for 10-year forward 
rates and there is a huge 330 basis points negative correction for forward rates at the 30-year horizon. 
As rates on discount bonds are an average of forward rates (see equation (3)), the impact of duration 
is smoothed and much less abrupt. For 10-year discount bonds, the historically observed volatility 
would only cut rates by around 14 basis points (see Figure 2).  

  

 
1 The volatility is estimated for the period 1990-2020 using the data described by Gürkaynak, Sack, and Wrightand 
(2007) and available on the Fed’s website. On this graph, we represent an annualized weekly volatility.     
2 In most Principal Component Analysis, the « level » of the yield curve explains more than 90% of the variation 
in yield changes across maturities. Naik et al. (2016) found 93% for the period 1962–2015.   
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Figure 2: Volatility correction in a stationary regime (basis points). 

 

 

From the previous estimates, we see that changes in volatility may have some strong impacts on long-
term rates if they are structural. A doubling of rates’ volatility would multiply all previous figures by a 
factor 4. The negative correction for forward 10 years ahead would jump to 165 basis points while the 
correction on 10-year rates would reach 55 basis points.  Thus, one may expect changes in volatility to 
strongly impact the shape (convexity) of the yield curve.  

 However, in the past, the volatility in the US Treasuries market has been highly mean reverting. Figure 
3 shows the (annualized) observed volatility for the price of a 10-year discount bond over rolling 
periods of 3 months.   

 

Figure 3: Volatility of the price of a 10-year discount bond (rolling periods of 3 months). 
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Over this 30-year period, the 10-year discount bond average volatility has been around 9% (see again 
Figure 1). We can see in Figure 3 that periods of volatility above 10% generally do not last very long. 
The longest period has been during the 2008-2009 financial crisis with the volatility of the 10-year 
discount bond staying above 10% for slightly more than one year (between September 2008 and 
October 2009). Periods of abnormally low volatility tend to last a bit longer. For example, the volatility 
(estimated on this 3-month rolling periods basis) stayed below 7% from February 2017 to August 
2019).  

Considering the mean-reverting property of volatility and its strong dependence on bonds duration, it 
is interesting to explore what equation (4) may imply when volatility is not at its long-term equilibrium 
(assumed to be 9% for 10-year discount bonds) and expected to mean-revert.  

Thus, let’s assume that the square-volatility  𝜎𝜎2(𝑇𝑇, 𝑡𝑡) takes the form:  

𝜎𝜎2(𝑇𝑇, 𝑡𝑡) = 𝜆𝜆 �1 + 𝑎𝑎𝑒𝑒−𝜉𝜉𝑡𝑡�𝑇𝑇2  

This relation states that there is a long-term equilibrium, some short-term disturbances, and an 
exponential convergence at pace 𝜉𝜉. As it is apparent in Figure 3, volatility seems to return rapidly to its 
long-term average after a shock. Around 80% of volatility shocks have been historically corrected after 
one year. Reasonable orders of magnitude for 𝜉𝜉 are probably significantly above 1.      

In Annex D-2, we use equation (4) to estimate the resulting volatility correction for the forward rates 
at the T horizon. Here are the conclusions:  

Transitory changes in volatility mainly impact the slope of the yield curve and not its curvature.  This 
may come as a surprise as the volatility of a bond depends on the square of its duration. However, as 
volatility is strongly mean reverting, the impact of duration is not quadratic but mainly linear.  

Moreover, transitory changes in volatility have a relatively small impact on rates and forward rates. 
For a transitory doubling of volatility (a=3), which is an exceptionally large shock only seen over the 
last 30 years during the 2008-2009 financial crisis, the volatility correction cut further and temporarily 
the 10-year rate by only 8 basis points with 𝜉𝜉 = 1.5 and 12 basis points with 𝜉𝜉 = 1. The following 
graphs show this transitory correction for other maturities.  

Figure 4: Temporary impact on the yield curve of a doubling of volatility (basis points). 
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We’ll come back in section 2, when we introduce our yield curve model, to this relatively stable 
“volatility correction”. It will allow us to concentrate our attention to the much more important source 
of variation of the yield curve: the changes in current and expected risk premia.  

In equation (4), we saw that the contribution of changing risk premia to the instantaneous forward 
rate at the T horizon is:  

𝜋𝜋(𝑇𝑇, 𝑡𝑡) + � 𝐸𝐸𝑡𝑡 �
𝜕𝜕𝜋𝜋(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)

𝜕𝜕𝑡𝑡
� 𝑑𝑑𝑢𝑢

𝑇𝑇

0
 

With 𝐸𝐸𝑡𝑡(𝜋𝜋(𝑇𝑇,𝑢𝑢)) the risk premium expected at the future date u on a T-year discount bond. 
𝐸𝐸𝑡𝑡�𝜋𝜋(𝑇𝑇, 𝑡𝑡)� = 𝜋𝜋(𝑇𝑇, 𝑡𝑡), the current risk premium at date t on a T-year discount bond.  

As it has just been done for the volatility correction, it is possible to get an idea of what this complex 
relationship really means by making some reasonable assumptions. 

As already noted, rates on bonds of various maturities are highly correlated. There is a common factor 
that explains a large proportion of prices changes: the “level” of the yield curve. As a result, we have 
seen that the volatility of various discount bonds is almost linearly dependent on maturities.  

Thus, we can expect that the risk premia – current and expected – are also linearly dependent on 
maturities. Thus, as a starting point, we can assume that:  

(6) 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑇𝑇,𝑢𝑢)� = 𝑇𝑇𝑇𝑇(𝑡𝑡,𝑢𝑢) 

Where 𝑇𝑇(𝑡𝑡,𝑢𝑢) is the expected duration price of risk, i.e., what investors at date t expect for the risk 
premium on a one-year discount bond at future date u.    

Duration is a key indicator of risk for most investors in Treasuries. If some maturities pay more than 
what is justified by equation (6), it is possible to make an arbitrage that keep unchanged the portfolio 
duration while improving its expected return (i.e., buying the bonds with a risk premium higher than 
justified by its duration and selling others). Obviously, this is not a risk-free arbitrage, and it exposes 
the fund manager to other risks than the curve’s “level”. We will come back soon on this issue and why 
investors may also want to be compensated for the well-known “slope” and “curvature” risks. Indeed, 
in the model described in the following section, we will assume risk premia have slightly more complex 
determinants. Yet, equation (6) is a good starting point and empirically Cochrane and Piazzesi (2008) 
found “that time-varying expected bond returns correspond entirely to compensation for exposure to 
risk of a “level” shock. The market prices of risk of expected-return, slope, and curvature shocks are 
almost exactly zero”3. 

With risk premia dependent on durations, the risk premium component of forward rates becomes:  

𝜋𝜋(𝑇𝑇, 𝑡𝑡) + � 𝐸𝐸𝑡𝑡 �
𝜕𝜕𝜋𝜋(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)

𝜕𝜕𝑡𝑡
�𝑑𝑑𝑢𝑢

𝑇𝑇

0
 

 = 𝑇𝑇 𝑇𝑇(𝑡𝑡, 𝑡𝑡) + ∫ 𝑢𝑢  𝜕𝜕𝜕𝜕(𝑢𝑢,𝑡𝑡+𝑇𝑇−𝑢𝑢)
𝜕𝜕𝑡𝑡

 𝑑𝑑𝑢𝑢𝑇𝑇
0  

 
3 In his survey of the literature, Rebonato (2018) confirmed that “Empirically we tend to observe that investors 
seek compensation for changes in level of yields, but not for a steepening or flattening of the yield curve. So, a 
“stylized fact” about risk premia is that the first principal component attracts a risk compensation, but the second 
and third do not.” (p.67). However, Adrian, Crump and Moench (2013) found that curvature risk carries a 
significant price of risk.  
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= 𝑇𝑇 𝑇𝑇𝑡𝑡(𝑡𝑡) − [𝑢𝑢 𝑇𝑇(𝑡𝑡, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)]0𝑇𝑇 + ∫   𝑇𝑇(𝑡𝑡, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢) 𝑑𝑑𝑢𝑢𝑇𝑇
0  

= ∫   𝑇𝑇(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢𝑡𝑡+𝑇𝑇
𝑡𝑡  

This is an important relation. If we also assume that changes in volatility are rapidly mean reverting 
(see the previous discussion), the information available in forward rates becomes suddenly quite clear. 
Equation (4) becomes:  

  (7) 𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)� + �  𝑇𝑇(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢
𝑡𝑡+𝑇𝑇

𝑡𝑡
−
𝜎𝜎2(𝑇𝑇)

2
 

Where the volatility correction (−𝜎𝜎2(𝑇𝑇)
2

) on bonds of various maturities can be directly calculated using 
the observed historical volatilities (see Figure 2).  

In a stationary environment, when the risk premia are expected to stay stable, we have:  

  (8) 𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇0 ) + 𝑇𝑇𝑇𝑇(𝑡𝑡, 𝑡𝑡)−𝜎𝜎2(𝑇𝑇)
2

  

As 𝜋𝜋(𝑇𝑇, 𝑡𝑡) =  𝑇𝑇𝑇𝑇(𝑡𝑡, 𝑡𝑡) in this situation, we obviously get the same conclusion than in equation (5). In 
this environment, the instantaneous forward rate at the T horizon is equal to the expected short rates 
at this horizon, plus the risk premium on a discount bond with a duration T, minus a volatility correction 
equal to half the variance of this discount bond price.   

Equation (7) permits to generalize this result to an environment where risk premia are not at their 
equilibrium. In this case, it is still possible to “read” the forwards, but the information is now partly 
hidden in the first derivative (i.e., the slope of the forward rates):  

 (9) 𝜕𝜕𝜕𝜕(𝑡𝑡,𝑇𝑇)
𝜕𝜕𝑇𝑇

= 𝜕𝜕𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡+𝑇𝑇)�
𝜕𝜕𝑇𝑇

+   𝑇𝑇(𝑡𝑡, 𝑡𝑡 + 𝑇𝑇)−𝑑𝑑𝜎𝜎2(𝑇𝑇)
𝑑𝑑𝑇𝑇

/2   

The slope of the forward rates has three components: 

- The expected change in short rates at this horizon.  
- The expected risk premium on a one-year discount bond at this horizon.  
- The slope of the volatility correction. 

This interpretation of the slope of forward rates is important and, to our best knowledge, the role 
played by the expected risk premium on one-year discount bonds has not yet been discussed in the 
existing literature.  

An interesting point is that at a long-term horizon, let’s say more than 5 or 7 years, it seems reasonable 

to expect the various variables to have reached their equilibrium. Thus, when T is large,  𝜕𝜕𝐸𝐸𝑡𝑡�𝑟𝑟
0 (𝑡𝑡+𝑇𝑇)�
𝜕𝜕𝑇𝑇

=
0 and 𝑇𝑇(𝑡𝑡, 𝑡𝑡 + 𝑇𝑇) = 𝑇𝑇𝑒𝑒 (𝑡𝑡) where 𝑇𝑇𝑒𝑒 (𝑡𝑡) is the equilibrium risk premium, as expected by investors at 
date t, for a one-year discount bond (remember that for a T-year discount bond, the equilibrium risk 
premium is thus simply 𝑇𝑇 𝑇𝑇𝑒𝑒 (𝑡𝑡)). As a result, once corrected for the volatility effect, the slope of the 
forward rates at a long horizon directly leads to the equilibrium risk premia (as expected by investors). 
We’ll make use of this important property in the model discussed in the following section.  

If long-term expectations about risk premia seem easy to extract from forwards, it is not the case for 
current risk premia (𝑇𝑇(𝑡𝑡, 𝑡𝑡)) or risk premia expected at relatively short horizon (𝑇𝑇(𝑡𝑡, 𝑡𝑡 + 𝑢𝑢) with u 
between a few months and a few years). According to equation (9), they influence the slope of 
forwards. But these forward rates at relatively short horizons are also very dependent on short-term 
expectations for monetary policy and it may be quite difficult to separate what in the slope is due to 
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risk premia and what is related to short-rates expectations. There is here a clear problem of 

identification between 𝑇𝑇(𝑡𝑡, 𝑡𝑡 + 𝑇𝑇) and 
𝜕𝜕𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡+𝑇𝑇)�

𝜕𝜕𝑇𝑇
. A positive slope of the forward rates curve is 

generally associated with positive risk premia4, but it may also be due to an expected tightening of 
monetary policy. In this respect, the results of Cochrane and Piazzesi (2005) are ground-breaking: they 
found that on top of the slope a more subtle indicator based on the shape of the forward rates (“the 
CP factor”) allows a more precise extraction of the current risk premium. The origin of the “CP factor” 
is a bit mysterious. How does it help to separate in the forward rates what is due to expected risk 
premia and what is due to expected changes in short rates? It is possible that monetary policy decisions 
follow a sort of typical rulebook (for example in the Vasicek (1977) model, the short rate always 
converge exponentially towards its long-term equilibrium). Thus, expected tightening or loosening 
would generally leave a recognizable “signature” on the shape of forwards. Yet, a fundamental 
weakness of the approach followed by Cochrane and Piazzesi, and many others, is that it assumes 
rational expectations5. Ex-post realized excess return are supposed to be unbiased estimators of the 
ex-ante risk premium required by investors. Unfortunately, there is a large literature on bias in 
expectations (starting from Froot (1989) seminal paper, see Bacchetta, Mertens and Van Wincoop 
(2008), Cieslak (2018) and Piazzesi et al. (2015)) and our paper is indeed a contribution to this 
literature. When time-series regressions find signs of excess returns predictability, there is always a 
question mark about the results: are we revealing true risk premia or only more or less reliable trading 
signals due to some form of transitory market inefficiency6?   

There is obviously another and more direct approach to extract the respective role of risk premia and 
expected short rates in the shape of the yield curve: asking investors what they expect! Using the 
surveys on expectations, we can get an estimate for expected future short rates (𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)�). We 

may them extract from equation (8) the terms ∫  𝑇𝑇(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢𝑡𝑡+𝑇𝑇
𝑡𝑡  (after having corrected the forwards 

for the volatility term).  

However, surveys generally do not ask questions about the future instantaneous short rate 
(𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)�, conceptually close to the Fed funds rate), but rather about 3-month bills or 10-year 
rates. Thus, it is interesting to examine how expectations for these other longer rates relate to the 
equivalent forwards. In more general terms, what is the relationship between the expected future 
rates for a D-year discount bond (𝐸𝐸𝑡𝑡�𝑟𝑟𝐷𝐷(𝑡𝑡 + 𝑇𝑇)�) and the relevant forward rates ( 𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇))? We have 
already discussed the relation for 𝐷𝐷 = 0 (equation (7)) and the answer is particularly interesting for 
D= 0,25 (3-month rates) and D=10 (10-year rates) as they are the most frequently used maturities in 
surveys.    

In the Annex D-1, we show that the relation is:  

(10) 𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡�𝑟𝑟𝐷𝐷(𝑡𝑡 + 𝑇𝑇)� + �  𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇

𝑡𝑡
− 1/𝐷𝐷� (

𝜎𝜎2(𝑢𝑢 + 𝑇𝑇)
2

−
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

𝐷𝐷

0
 

 
4 The link between the slope and risk premia has been empirically confirmed since the seminal work of Fama and 
Bliss (1987).  
5 There are also numerous issues related to the robustness of the econometric tests used to validate this 
predictability of excess returns. See for example Duffee (2013) and Bauer and Hamilton (2017).   
6 Market inefficiencies are generally condemned to disappear as quant investors compete – at their own risk! - 
to benefit from historical trading signals, even when they have no real fundamental basis.   
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Equation (10) shows that the contribution of risk premia to the difference between forward rates and 
expected rates at horizon T (the term ∫  𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠𝑡𝑡+𝑇𝑇

𝑡𝑡 ) is independent of duration D. What we have 
already found for the instantaneous forward rates is also true for all other forward rates.   

However, in equation (10), the forward risk premia (𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) − 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 )) depend on D through the 

complex volatility correction (−1/𝐷𝐷 ∫ (𝜎𝜎
2(𝑢𝑢+𝑇𝑇)
2

− 𝜎𝜎2(𝑢𝑢)
2

) 𝑑𝑑𝑢𝑢𝐷𝐷
0 ). In the following table, using historical 

volatilities, we have calculated this volatility correction for two horizons of forecasts (3 months or 
T=0.25, one year or T=1) and for three forward rates (instantaneous rates, D=0, 3-month rates, D=0.25, 
and 10-year rates, D=10).  

Table 1: volatility correction (−𝟏𝟏/𝑫𝑫∫ (𝝈𝝈
𝟐𝟐(𝒖𝒖+𝑻𝑻)
𝟐𝟐

− 𝝈𝝈𝟐𝟐(𝒖𝒖)
𝟐𝟐

) 𝒅𝒅𝒖𝒖𝑫𝑫
𝟎𝟎 ) depending on T and D (basis points).   

 D=0 D=0.25 D=10 
T=0.25 -0 -0.1 -1.1 
T=1 -0.4 -0.5 -4.5 

 

We can see that for forecasts at 3-month or one-year horizons (T=0.25 or T=1), this volatility correction 
is rather small. The spread between the forwards and expectations (𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) − 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 )) should be 
almost independent of D and close to ∫  𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠𝑡𝑡+𝑇𝑇

𝑡𝑡 . For expectations at the one-year horizon (T=1), 
this term is simply the average expected risk premia on a one-year discount bond over the coming 
year.  

This is a rather strong result. If at a one-year horizon, there is a 20-basis points difference between the 
instantaneous forward rate and the expected short rates, there should also be also a difference of 20 
basis points between the 3-month forward rates and the expected 3-month rate, or the forward 10-
year rate and the expected 10-year rate (minus the different small volatility corrections).  

Obviously, this is true only because we have assumed that risk premia are proportional to bonds 
maturities. A fixed premium expressed in terms of rates translates to a premium proportional to 
duration in terms of bonds prices. With the same forward spread, the expected premium on buying 
forward a 20-year bond will be double the premium expected on a 10-year bond. If the actual and 
expected future risk premia are not proportional to durations, relation (10) does not hold. The forward 
premium would then be higher for bonds with an “abnormal” risk premium, i.e., a risk premium which 
does seem higher than justified by duration.   

Thus, it is quite interesting to see whether the quasi-independence of the forward risk premia relative 
to D is consistent with empirical findings. We can look at this question using the “consensus 
economics” monthly surveys covering the last 30 years. They provide one year ahead forecast for rates 
on 3-month T-Bills and 10-year Treasuries.  

Related forward rates can be estimated using the Fed’s data on discount bond that we have already 
used. This database provides the estimated parameters necessary to calculate the instantaneous 
forward rates, f(t,T), for all horizons T at all dates t.  

Thus, it is possible to calculate 𝐹𝐹0,25(𝑡𝑡, 1) 𝑎𝑎𝑎𝑎𝑑𝑑 𝐹𝐹10(𝑡𝑡, 1)  since  𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) = ∫ 𝑓𝑓(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢/𝐷𝐷𝑇𝑇+𝐷𝐷
𝑇𝑇 .  
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Based on these estimates, the following Figure represents the forward rate risk premia, i.e., the 
spreads between forwards and expectations, at the one-year horizon for 3-month and 10-year rates7. 
Monthly data are volatile for several reasons discussed later, and the Figure only represents yearly 
average over the 1990-2020 period.  

  

Figure 5: Forward rates risk premia at the one-year horizon (basis points). 

 

This Figure shows two important points.  

Firstly, risk premia have clearly declined over time. They were significantly positive in the 90s and have 
become on average negative over the last 20 years. For 10-year bonds, the spread between forward 
rates and expected rates was close to 30 basis points in the 90s. Remember that a forward rate 
premium of 30 basis reflect a risk premium on 10-year bonds around 3% per annum8. This forward rate 
premium dropped to around 0 in the following decade and has been around minus 30 basis points 
since 2010 (i.e., a negative risk premium of -3% on 10-year bonds). The model described in the 
following section will allow us to have a better understanding of the behavior of risk premia over the 
last 30 years and we’ll come back in section 3 to the reasons why these risk premia have changed signs.  

Secondly, if the changes in forward premia seem broadly parallel for 3-month and 10-year rates, they 
are not perfectly aligned. They seem to differ by much more than the few basis points justified by the 
small volatility corrections. For most years, risk premia were significantly higher for forward 3-month 
rates than for 10-year bonds. But the inverse was true for a small number of years. Forward risk premia 
were significantly higher for 10-year bonds between 2001 and 2003 and in 2007 and 2008.    

  

 
7 One should note that the expected rates published by consensus economics are based on markets conventions 
(discount basis 365/360 for T-Bills and semi-annual coupons for Treasuries). We have made the necessary 
corrections to compare these expected rates with the forward rates on the same continuously compounded 
basis.      
8 Not exactly 3% due to the small volatility correction already mentioned.  
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    Figure 6: Difference between 3-month and 10-year forward risk premia (basis points). 

 

Thus, the natural assumption that risk premia on bonds are proportional to duration does not seem to 
be fully supported by data.  

A key consequence of this convenient assumption was that forward risk premia (i.e., the difference 
between forward rates and expected rates) were expected to be (almost) the same for all durations. 
This does not seem to be true: the risk premia at the short end of the yield curve cannot be fully 
explained by the risk premia at the long end after a simple correction for the difference of duration. In 
fact, it should not be a surprise since despite the apparent consensus we mentioned, many works have 
already shown that the remuneration of risk is generally higher at the short end of the yield curve. 
Duffee (2010) for example concluded that there was a robust “inverse relation between a bond’s 
maturity and its average Sharpe ratio”. An interesting point is that Cochrane and Piazzesi (2005) 
seemed to reach similar conclusions. They observed some unexpected complexity in the historically 
observed excess returns pattern on bonds of various durations and concluded that “the single-factor 
structure is statistically rejected”. Yet, they preferred to attribute this statistical rejection to some small 
measurement errors.  

Our test based on ex ante risk premia revealed by surveys is probably much more powerful than most 
of the previous tests based on ex-post observed excess return. It confirms that risk premia on bonds 
are not completely proportional to durations.  

The reason why it is the case will appear very clearly later when we revisit the origin of the “slope” and 
“convexity” risks. To fit the data, we must assume that risk premia – actual and expected in the future 
- are not purely proportional to bonds’ durations. We will see in the following section how to modify 
equation (6) (𝐸𝐸𝑡𝑡�𝜋𝜋(𝑇𝑇,𝑢𝑢)� = 𝑇𝑇 𝑇𝑇(𝑡𝑡,𝑢𝑢)) to introduce more flexibility in the dynamic of risk premia while 
being consistent with the risks born by investors and the no-arbitrage condition (i.e. the constraint 
that it should not be possible to build a portfolio of bonds with no risks and a positive expected return).  
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This richer model will not contradict two fundamental points highlighted by equations (7) and (9):   

- Changing risk premia impact rates and forward rates in a rather complex way. Part of the 
information about future expected risk premia does not stay in the level of forward rates, but 
in the slope of forward rates.  

- As the slope of forward rates depends also on expectations regarding monetary policy 

(
𝜕𝜕𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑡𝑡+𝑇𝑇)�

𝜕𝜕𝑇𝑇
), there is a fundamental problem of identification. Two similar yield curves may 

result from radically different scenarios in terms of expected monetary policy and risk premia. 
Surveys on investors’ expectations are very useful, or even necessary, to extract the rich 
information hidden in the forward rates.    

2/ Our model.  

Warning: This section presents the model we use to extract the key variables driving the yield curve. 
This model belongs to the class of the essentially affine models (Duffee (2002)). This section is rather 
technical. Yet, there are new insights on the number of factors needed to describe the yield curve, the 
identifiability of these factors, the quality of the available data and the role played by the “level”, 
“slope” and “curvature” factors (page 25-30). Readers who are not interested in these "technical" 
questions can move on to the next section and our new read on two decades of yield curve history.   

The aim of our model is to extract from the Treasuries yield curve and various surveys the monetary 
policy path expected by investors (𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑠𝑠)� for all t and s) and the current and expected risk premia 
on all discount bonds (𝐸𝐸𝑡𝑡�𝜋𝜋(𝑇𝑇, 𝑠𝑠)� for all t, s and T).  

This ambition is at the same time large and limited. Large, because in our view no models have yet 
provided a convincing extraction of all these variables9. Limited, because we do not search at this stage 
to explain what drive these variables. This will be done only in the next section. We do not try to explain 
yet why the risk premia (current and expected) vary, we only observe how they vary. There is a large 
literature that is much more ambitious, introduces directly macroeconomic variables in the models 
and try to explain the variability of risk premia (See for example Ang and Piazzesi (2003)). In general, 
these papers intend to prove that risk premia are high in period of economic stress, in accordance with 
general equilibrium models of risk premia. We will come back to the influence of the macroeconomic 
context on risk premia when we discuss the model’s results.    

Obviously, the infinite number of hidden variables that we want to extract are not independent. Our 
model produces estimates for seven key variables and explain how to extrapolate from them the 
infinite full set of 𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑠𝑠)� and 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑇𝑇, 𝑠𝑠)� for all t, s, T.  

The seven key variables playing a central role in the model are:  

- The current short rates (𝑟𝑟0 (𝑡𝑡)).  
- The short rates expected in one and three years (𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)) and 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3))). 
- The expected equilibrium short rate in the long term (𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞))). 
- The current risk premium on a 10-year discount bond (𝜋𝜋(10, 𝑡𝑡)). 
- The expected risk premium on the same bond in three years (𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)�). 
- The expected equilibrium risk premium on this bond (𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)�). 

 
9 More precisely, to our best knowledge, no paper discussed precisely, as we are going to do, the full results that 
the models produce for these key expected variables. Yet, Kim and Wright (2005), while discussing Greenspan’s 
“conundrum”, gave an interesting snapshot of all the expected short rates at two dates (7/29/2005 and 
6/29/2004).  
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The first variable is directly observable, while the 6 others are latent variables related to investors’ 
expectations.  

The main difference with existing yield curve models is the large number of variables we use (to our 
best knowledge no model uses more than five latent variables) and, above all, the clear economic 
interpretation of the variables (most models use state variables that are related to rates and risk 
premia, but often with no clear economic interpretations).         

We will start by discussing why we need at least these 7 variables (surely not less) to correctly describe 
investors’ expectations. In a second step, we will discuss how to formalize the relationship between 
these key variables and the full set of expectations (𝐸𝐸𝑡𝑡�𝑟𝑟0 (𝑠𝑠)� and 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑇𝑇, 𝑠𝑠)� for all t, s, T).    

The need for (at least) four variables to describe the short rate dynamic appears very clearly when one 
looks at available surveys. The first key parameter is the current short rate (the only key variable which 
is directly observable) and the second one is the expected long-term equilibrium rate which changes 
over time. Obviously, the path of the expected convergence towards equilibrium also varies over time. 
Sometimes, investors expect a quick return of the short rate to its equilibrium level, and sometimes, 
due to the macroeconomic situation, the process is expected to be rather slow. Indeed, if you know 
the current rate, the long-term equilibrium and the rate expected in one year, you already have some 
interesting information on the convergence process and you may start to guess the expected rates at 
all horizons. Yet, there are many paths towards equilibrium and knowing only one point between now 
and the long-term future is not enough to reliably extrapolate the expected rates at all horizons. We 
don’t present these results in this paper, but we have looked for example at the average expectations 
of the Fed’s board members published by the US central bank since 201210. Once you know the current 
fed funds rate, the rate expected in the long run and one more rate (for example the fed funds rate 
expected by the board at the end of next year), it is not possible to guess the other rates very precisely. 
Expected rates have a richer dynamic. Depending on many macroeconomic factors (unemployment, 
inflation…), the expected path can be overly complex. For example, if there is the need to raise rates 
to fight inflation, investors (or the Fed’s board members!) should form a view on when rates will start 
to rise, when and at what level they will reach their peak, how long they will stay at this elevated level 
before starting to come back toward the equilibrium level. This rich dynamic changes over time and 
cannot be precisely described by a three-factor model. It is why we have added in our model a fourth 
variable to describe the investors’ medium-term expectations (i.e., the expected short rates in three 
years).  

As far as risk premia are concerned, the discussion is more complex. This complexity is partly due to 
the fact, illustrated in Figure 5, that risk premia are unfortunately not strictly proportional to durations. 
As a starting point, we can note that for a specific maturity, three variables seem probably enough to 
describe the expected dynamic of the related risk premium. For example, to describe rather well all 
the future expected risk premia on a 10-year discount bond, one probably needs only to know the 
current risk premium, the expected equilibrium risk premium in the long-term for this bond and some 
indication on the expected risk premium in the medium term (let us say in three years). Investors’ 
analysis of the dynamic of risk premia seems unfortunately much less sophisticated than their analysis 
of monetary policies: this will be a key theme of the last section of this paper. Thus, one can probably 
have an accurate view of the expected convergence process toward equilibrium with only one 
intermediate forecast (the expected risk premium in three years), when two intermediate forecasts 
may be needed for expected short rates (the expected short rates in one and three years).  

 
10 The famous « dot plots » available on the Fed website.  
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If risk premia were proportional to bonds’ duration, the description of risk premia for 10-year bonds 
would be enough to estimate the risk premia on other Treasuries. We could then simply assume that 
𝐸𝐸𝑡𝑡�𝜋𝜋(𝐷𝐷, 𝑠𝑠)� = 𝐷𝐷

10
𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑠𝑠)� for all durations D. Thus, three key variables would be enough to 

describe investors’ expectations regarding all relevant risk premia.  

But we saw in the previous section that risk premia at the short end of the yield curve were generally 
higher than expected based on the bonds’ low durations. Why is it the case and how to take that into 
account in our model?   

The short end of the yield curve is particularly exposed to monetary policy surprises. As it will appear 
clearly when the full model is estimated, bonds with high durations are more exposed to changes in 
expected risk premia. Thus, the risks do not have exactly the same origin – monetary policy surprises 
versus changing expected risk premia - and it should not be surprising that risk premia along the yield 
curve are not the same per unit of volatility. A key observation is that in general markets for risky assets 
dislike very much the unexpected increases in the risk-free rates, i.e., in the official rates controlled by 
central banks. As William M. Martin, former chairman of the board of the Fed, famously said in the 
50s, the role of the Fed is “to order the punch bowl to be removed just when the party is really warming 
up”11. In the same speech to a group of investment bankers, he also said that “those who have the task 
of making such policy don't expect you to applaud”. As a result, it is not surprising that investors require 
in normal time a specific risk premium at the short end of the yield curve to be exposed to unwelcome 
central banks’ surprises.  

The difficulty is that this specific “monetary policy risk premium” is unlikely to be stable over time. 
Indeed, the traditional view – a looser monetary policy is good for markets and a tighter one is bad - 
has been challenged over the last two decades by the introduction of the 
“Greenspan/Bernanke/Yellen/Powell puts”: when stock markets fall sharply, the US central bank may 
react quickly to stop the rout (see Cieslak and Vissing-Jorgensen (2020) for a detailed analysis of how 
this put was introduced and its impact on markets). As a result, when this “put” seems active, holding 
short duration bonds can be especially effective in protecting the investors’ portfolios. The correlation 
between short-duration bonds and equities becomes the opposite of the natural one implied by 
William M. Martin. It is probably no coincidence that in Figure 6 the periods when the risk premia on 
short duration bonds were particularly low were periods of particular instability in the stock market 
(years 2001-2003 and 2007-2008)12.  

It is why, ideally, we should introduce at least two more key variables to take into account the fact that 
the “monetary risk premium” also varies over time and that, probably, the investors’ expectations 
regarding its long-term equilibrium also vary. These other key variables could be π(10,t) (the current 
risk premium on a one-year discount bond) and 𝐸𝐸𝑡𝑡�𝜋𝜋(1, +∞)� (the expected long-term equilibrium 
for this risk premium).  

However, this 9-factor model would become very complex, and we doubt very much that we have 
enough information in the yield curve and/or in the surveys we use to extract the full expected dynamic 
of this monetary risk premium. We will come back to this issue when we discuss the information 
available to estimate the model. Thus, in this version of the model, we have assumed that the 

 
11 Address before the New York Group of the Investment Bankers Association of America, October 19, 1955. 
12 In Figure 6, this phenomenon was not visible in 2020 despite the volatility of the stock market at the beginning 
of the Covid-19 epidemic. There is an obvious reason: as short rates were rapidly brought to zero in the spring of 
2020, there was little possibility to support markets by cutting them much further. During the pandemic, the 
« Powell put » was still much alive, but the expected protection was coming from an expanding Fed’s balance 
sheet, rather than from short rates expected to become sharply negative.    
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“monetary risk premium” is constant over time. Obviously, that means that our estimates for all the 7 
key variables may be somewhat biased each time the “monetary risk premium” diverges significantly 
from its “normal level”, especially in times of financial crisis when the Fed’s put is very much active. 
We will come back to this issue when we discuss the model’s results.  

How to describe this “monetary risk premium” while keeping the model non-arbitrable13?  We suppose 
that for each of the three sources of risk directly related to monetary policy (𝑟𝑟0 (𝑡𝑡)),  𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)) 
and 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3))), there is a fix price of risk (i.e. we introduce three parameters ∝1, ∝2,∝3 for these 
fix prices of risk). All bonds should provide, on top of their variable duration risk premium, a fix 
monetary risk premium dependent on their exposure to changes in 𝑟𝑟0 (𝑡𝑡)),  𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)) and 
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3). Annex A gives the expression of this fix monetary policy risk premium for a bond of 
duration D,  𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝐷𝐷).  

Finally, the total risk premium on any bond is the addition of a risk premium proportional to its duration 
and of this monetary risk premium. This allows us to express the risk premium for any bonds of 
duration D as a simple affine function of the risk premium on a 10-year bond. As 𝜋𝜋(10, 𝑠𝑠) −
 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10) is the duration risk premium for a bond of duration 10, we have 𝜋𝜋(𝐷𝐷, 𝑠𝑠) =

𝐷𝐷 
𝜋𝜋(10,𝑠𝑠)− 𝑀𝑀𝑀𝑀𝑀𝑀∝1,∝2,∝3(10)

10
+ 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝐷𝐷). It is interesting to note that this affine structure between 

the risk premia of bonds of different durations is almost exactly what Duffee (2010) and Duffee (2011) 
recommended: “The compensation for slope risk is fixed, while the compensation for level risk varies 
with the shape of the term structure”14. The fixed compensation for slope risk is another name for the 
fix monetary policy risk premium we have introduced.    

As this monetary risk premium/slope premium is supposed to be constant over time, it impacts 
forward rates in a simple manner: the instantaneous forward rate at the horizon T is increased by 
𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝐷𝐷).  

Thus, the fundamental equation (7) becomes:  

(11) 𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡 �𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)� + ∫  𝑇𝑇(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢𝑡𝑡+𝑇𝑇
𝑡𝑡 − 𝜎𝜎2(𝑇𝑇)

2
 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) 

With  𝑇𝑇(𝑡𝑡,𝑢𝑢)  the duration/level price of risk expected at date t for date u, thus  𝑇𝑇(𝑡𝑡,𝑢𝑢) =

𝐸𝐸𝑡𝑡( 
𝜋𝜋(10,𝑢𝑢)− 𝑀𝑀𝑀𝑀𝑀𝑀∝1,∝2,∝3(10)

10
).  

Even if this number appears as a strict minimum based on the economics of the yield curve and the 
likely variability of the monetary risk premium, seven factors seem a large number. Some readers may 
feel that we are just trying to overfit the yield curve by introducing an abnormally large number of 
factors. Indeed, the existing literature implicitly assume that our 7 key variables, as indeed all the 
variables linked to the yield curve, are driven by a much smaller number of state variables (often 3, 
sometimes 4 and exceptionally 5) that fully explain investors’ expectations (and maybe even where 
the economy stands). But this is very unlikely. We need at least four factors to describe short rates 
expectations and risk premia have a lot of autonomy relative to the real economy’s fundamentals. 

 
13  The duration risk premium was by construction non-arbitrable. In our model, any portfolio with a positive 
duration cannot be risk-free as a parallel movement of all rates is possible. Thus, a risk-free portfolio has 
necessarily a duration equal to 0. And a risk-free portfolio with 0 duration has by construction no expected excess 
return when risk premia are duration based. Obviously, there are famous models in which a parallel movement 
of rates is not possible (for example the famous simple Vacisek (1977) model) and as a result in these models 
pure duration risk premia would be arbitrable.   
14 Yet, there is a minor difference. In Duffee (2011), the sensitivity of various bonds to change in the « level » is 
estimated and not constrained to be equal to the bonds’ duration.   
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Quite often, as already pointed out, prices move sharply without any new information reaching the 
market. Risk premia have their own (mysterious) dynamic, marked by profit-taking and the impact of 
stop-loss orders. It is hard to imagine that there would be a small number of hidden variables 
explaining both the complex dynamic of future expected short rates and future expected risk premia. 
These 7 key variables are certainly correlated, and we will discuss later our estimates for these 
correlations, but they cannot be reduced as pure functions of 3,4 or even 5 mysterious underlying state 
variables.     

At this point, we have discussed the three fundamental characteristics of the model:  

- It is descriptive and not explanatory in a fundamental sense. We want to extract, not explain, 
the dynamic of expected short rates and risk premia.  

- No special assumptions are needed regarding expected short rates, except that they have a 
rich dynamic and that we need to know investors’ expectations at four different horizons to 
perfectly estimate expected short rates at all horizons.   

- The situation is much more complicated for risk premia. We are mainly interested in the risk 
premia (current and expected in the future) on the benchmark 10-year bonds. Yet, we need to 
make some reasonable assumptions regarding how risk premia depend on durations. The 
theory we use, as does Duffee (2011), is not perfect (risk premia are assumed to be 
proportional to durations, with a correction due to monetary risk premia that is not time-
varying). But we believe that it offers a reasonable starting point to describe how investors 
form their expectations.     

Now to finalize the models, other assumptions are necessary, but they are mainly of a technical nature. 
The first one is to describe how expectations at any horizon not included in our key variables, let’s say 
for example two-year ahead, depends on our key horizons (one year, three years, and the long term). 
We need to put in place some sort of interpolation mechanism.  

There are many ways to do so – and some strong mathematical traps and constraints! - and we are not 
going to discuss here all the possible formalizations. Our point of departure will be the Nelson-Siegel 
(1987) discussion of forward rates or expected short rates. Nelson-Siegel proposes the following 
formalization: 

(12)      𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑠𝑠)) = 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) + (𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡)) 𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡)    

This is indeed a very flexible form that allows the expected short rates to diverge from its equilibrium 
in the short term, while converging in the long term thanks to the exponential term. It should not be a 
surprise that it matches well the profile of expected short rates. If we want to give even more flexibility, 
we can add another polynomial term:  

(13)     𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑠𝑠)) = 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) + (𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡) + 𝑐𝑐(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡)2) 𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡) 

Not only is this formalization flexible and able to adapt to the data, but it is also consistent over time: 
if the expected rates respect this equation at date t, in the absence of shocks, this will still be the case 
at date t + 1 with a new set of parameters a (t + 1), b (t + 1), c (t + 1)15.    

  

 
15 We are obviously not the first to take inspiration from the attractive properties of the Nelson-Siegel 
specification. Christensen et al. (2011) showed how to force generic affine models of the Duffie-Kan (1996) class 
to produce forward rates close to the Nelson-Siegel specification.   
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We show in annex A how these parameters a(t), b(t), c(t) at each date t depend on our key variables 
and how this leads to a linear time-consistent interpolation mechanism:    

𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑠𝑠)) = 𝒓𝒓𝟎𝟎 (𝒕𝒕) 𝐴𝐴(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (𝒕𝒕 + 𝟏𝟏)) 𝐵𝐵(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (𝒕𝒕 + 𝟑𝟑)) 𝐶𝐶(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (+∞)) 𝐷𝐷(𝑠𝑠 − 𝑡𝑡) 

For risk premia on 10-year bonds, the same kind of relation has been assumed:  

(14) 𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑠𝑠)� = 𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� + (𝑎𝑎′(𝑡𝑡) + 𝑏𝑏′(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡)) 𝑒𝑒−𝜉𝜉𝑌𝑌(𝑠𝑠−𝑡𝑡) 

And an equivalent linear interpolation relation exists for risk premia on 10-year bonds:  

𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑠𝑠)� = 𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕) 𝐴𝐴′(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕 + 𝟑𝟑)� 𝐵𝐵′(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, +∞)� 𝐶𝐶′(𝑠𝑠 − 𝑡𝑡) 

The interpolation parameters A(s-t), B(s-t), C(s-t), D(s-t), A’(s-t), B’(s-t), C’(s-t) are given in the annex. 
They only depend on 𝜉𝜉𝑋𝑋 and 𝜉𝜉𝑌𝑌. They mix polynomials and exponentials, and they are fully analytically 
tractable as we know how to integrate terms like  𝑢𝑢𝑛𝑛𝑒𝑒−𝜉𝜉 𝑢𝑢.  

The annex also establishes all the relevant affine relations between our key variables and the relevant 
interest rates.    

𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐹𝐹𝐿𝐿𝜉𝜉𝑋𝑋 ,𝜉𝜉𝑌𝑌
𝐹𝐹 (𝑇𝑇)′

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝑟𝑟0 (𝑡𝑡)
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞))
𝜋𝜋(10, 𝑡𝑡)

𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)�
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� ⎠

⎟
⎟
⎟
⎟
⎟
⎞

−
𝜎𝜎2(𝑇𝑇)

2
+ 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) −

𝑇𝑇
10

 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3
(10) 

And 

(14)            𝑟𝑟𝑡𝑡𝑇𝑇 = 𝐹𝐹𝐿𝐿𝜉𝜉𝑋𝑋 ,𝜉𝜉𝑌𝑌
𝑀𝑀 (𝑇𝑇)′ 

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝑟𝑟0 (𝑡𝑡)
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞))
𝜋𝜋(10, 𝑡𝑡)

𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)�
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� ⎠

⎟
⎟
⎟
⎟
⎟
⎞

− (�
𝜎𝜎2(𝑢𝑢)

2
 𝑑𝑑𝑢𝑢)/𝑇𝑇 + (� 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢))/𝑇𝑇

𝑇𝑇

0

𝑇𝑇

0

−
𝑇𝑇

20
 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3

(10) 

The model is affine and not linear relative to our 7 key variables for two reasons:  

- The monetary risk premium introduces a non-linearity.  

- We also need the volatility correction 𝜎𝜎
2(𝑇𝑇)
2

 discussed in the previous section. It is assumed to 
depend only on bonds’ durations, not time. We have seen in the previous section that if 
volatility is fast mean-reverting, changes in volatility have little impact on this volatility 
correction. Thus, in our estimates, we use the historically observed volatilities.  
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In the annex, we also establish how our key variables change over time:  

 

𝐾𝐾𝐾𝐾(𝑡𝑡) =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝑟𝑟0 (𝑡𝑡)
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞))
𝜋𝜋(10, 𝑡𝑡)

𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)�
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

𝐾𝐾𝐾𝐾(𝑡𝑡 + ℎ) = Φℎ 𝐾𝐾𝐾𝐾(𝑡𝑡)  

With Φℎ depending only on the two parameters 𝜉𝜉𝑋𝑋 and 𝜉𝜉𝑌𝑌.   

The existence of surprises leads to: 

 𝐾𝐾𝐾𝐾(𝑡𝑡 + ℎ) = Φℎ 𝐾𝐾𝐾𝐾(𝑡𝑡) + 𝜀𝜀(𝑡𝑡) 

With 𝜓𝜓ℎ the matrix of variance-covariance of the shocks ε(t) to our key variables in discrete time. 

Applied to observed current rates or expected rates issued from surveys16, these equations form an 
affine system well suited to use a Kalman filter. Once the parameters 𝜉𝜉𝑋𝑋 , 𝜉𝜉𝑌𝑌  ,𝛼𝛼1,𝛼𝛼2,𝛼𝛼3,𝜓𝜓ℎ are known, 
a Kalman filter can be used to extract our seven key variables from observable rates. Moreover, the 
same Kalman filter can be used to estimate the parameters 𝜉𝜉𝑋𝑋 , 𝜉𝜉𝑌𝑌  ,𝛼𝛼1,𝛼𝛼2,𝛼𝛼3,𝜓𝜓ℎ (plus the so-called 
measurement errors) that maximize the likelihood of the system. 

In the annex A-5, we show that this model is a special case of the Duffee (2002) class of essentially 
affine models. Compared to its brothers and sisters in this class, it has apparently two contradicting 
characteristics: on the one hand, the “economics of the yield curve” led us to introduce what can be 
seen as an abnormally large number of “state variables” (7), but on the other hand, there are very few 
parameters to estimate. The small number of parameters is due to the intuitive choices for the state 
variables, directly linked to expectations, and all the constraints that can reasonably be imposed to the 
no-arbitrage risk pricing mechanism17.   

  

 
16 In the annex, we also establish the relation between our key variables and the interest rates expected in the 
future, assuming that investors are consistent and that their expectations for future rates are coherent with their 
current expectations regarding the path for future short rates and risk premia.  
17 At this stage, we need to make another fundamental observation on our model. The specific horizons we have 
chosen for our key variables (one-year and three-year) may seem arbitrary, but they have strictly no influence 
on the model. We could have chosen any other key horizons, and the extraction of the path for future short rates 
and risk premia would have been exactly the same. All variables are linked by affine relations and substituting 
one for another does not change the model. What is important is the number of horizons that have been chosen 
(Four for the short rates and three for the risk premia) and the assumptions about risk pricing (i.e., the existence 
of duration and monetary policy risk premia). Yet, it is recommended to choose some key horizons that are not 
absurd (one-year and 3-year rather than 3-month and 4-month…) to easily interpret and control the estimated 
covariance matrix (𝜓𝜓ℎ) of shocks at these specific key horizons.      
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The key question is now what are the observables that could or should be used in this Kalman filter? 
Should we restrict ourselves to rates and forward rates, or should we also use available surveys on 
investors’ expectations?   

Surveys have obvious and well-known drawbacks:  

- People who answer may not be representative of investors. When the questions relate to 
economic fundamentals, only economists are usually interviewed, and their views may not 
reflect the view of other investors. Moreover, the sample may be too small to be really 
representative.  

- When people answer, they generally give their most likely scenario rather than their average 
expected scenario. Thus, when risks are skewed on the downside or the upside, we may get a 
biased estimate of the terms 𝐸𝐸𝑡𝑡�𝑟𝑟𝑇𝑇(𝑠𝑠)�.  In theory, this problem could be addressed by using 
option prices that may give some information on the skewness of expectations. Yet, this is a 
difficult approach since option prices are also influenced by complex risk premia.    

- When opinions are moving fast, due for example to the arrival of surprising macroeconomic 
information, opinions expressed in surveys may lag a bit. This could be addressed by linking 
the answers not only to the current true expectations but also to the lagged expectations 
(something that we do in our estimation18).    

All these potential biases justify a cautious use of surveys, in particular measurement errors should be 
introduced in econometric works when surveys are used. But they certainly do not justify giving up this 
rich information. As we stressed in the previous section, when risk premia change over time, they can 
produce yield curve changes that look very much like the result of changes in expected short rates. 
This is what make difficult the estimation of yield curve models. Why to refuse to use available 
information that directly facilitate this estimation?  

Thus, we see no need to justify the use of surveys. Yet, it is interesting to be a bit more specific about 
the information really available in yield curves and the risks of NOT using surveys. Knowing what is 
"extractable" and what is not from observed rates can help us understand the existing literature and 
can also help to use the yield curve data in a more efficient way. 

First observation: there are no reasons to expect a complete “spanning” of all the relevant “state 
variables” in the economy in the yield curve. Yield curve only reflects expectations on short rates and 
bond risk premia. Obviously, there are links between these expectations and expectations about real 
economic variables. Thus, the yield curve may provide some useful information about real economy 
expectations. But this information will always be far from perfect as central banks are never in auto-
pilot mode: the same expected macro-economic scenario may lead to different expected monetary 
policies at different periods (for example, the Fed and the ECB have announced major changes to their 
operational framework in 2020 and 2021). Thus, it seems obvious that the yield curves do not allow to 
extract all the “state variables” driving the economy19.  

  

 
18 We found that when people answer the SPF survey on future short-term rates their answer reflect 60% of the 
true current expectations and 40% of what the market was expecting one quarter before.   
19 This impossibility is indeed verified by the data (see Joslin, Priebsch and Singleton (2014)). The only question 
is why. Bauer and Rudebusch (2017) have advanced some sophisticated arguments related to yield curve 
measurement errors without excluding other explanations. We see this impossibility more fundamentally linked 
to the complex decision-making process of central bankers.   



26 
 

The only real question is whether the yield curves alone may allow to extract all or almost all the 
information relevant to short term rates and bond risk premia. In other words, is the use of other 
information, including surveys, a necessity or a luxury? We believe that it is a necessity for three 
reasons:  

- The small sample problem. Kim and Orphanides (2012) argued that there is here a classical 
“small-sample problem” and that available dataset are not long enough to estimate from the 
yield curve only models where both short rates and risk premia expectations vary over time. 

- The hidden factor(s) problem, probably even worse than that described by Duffee (2011). 
- The measurement errors of bond yields. The atheoretical methods generally used to construct 

zero coupons yield curves may destroy some of the subtle and delicate information available in 
the raw data (i.e., the directly observed price of coupon bearing bonds).  

The first observation is easy to understand, but the others are probably equally, if not more important, 
and deserve some explanation. 

The hidden factor problem.  

Duffee (2011) showed that in theory some factors may completely disappear from a statistical analysis 
of the Principal Analysis Component type. The reason is that we can imagine models in which a factor 
impacts short rates and risk premia in such a way that the overall impact on the yield curve is null. The 
true model may have n distinct factors, but only (n-1) factors may appear in a superficial statistical 
analysis. In other words, risk premia may change without any detectable movement in the yield curve! 
Yet, Duffee (2011) do not seem to believe that truly hidden factors really exist: “it would be a 
remarkable coincidence if there is a factor for which variations in expected future short rates are exactly 
offset by variations in required expected returns”.  But he is rightly worried that measurement errors 
of the yield curve may create partially hidden factors: “Some, but not all, of the information in such 
factors can be inferred from the cross section of yields”. He concludes that we need “to use estimation 
techniques that are robust to the presence of these factors. Another potentially valuable approach is 
to use information from sources other than bond yields”. In fact, information from other sources is 
probably not optional: due to the small sample problem, we doubt that robust estimation techniques 
are sufficient to solve the hidden (or quasi hidden) factors problem.  

More generally, if anything, we think Duffee (2011) downplayed the hidden factor problem that he 
introduced. To have such a problem, one does not need that “variations in expected future short rates 
are exactly offset by variations in required expected returns”. It suffices for one factor to have the same 
impact on the yield curve as a combination of other factors. In this case, in the cross section of yields, 
one does not observe all the factors, but only a lower dimension linear combination20. And this 
situation would not be a remarkable “coincidence”, in fact it is what normally appears in a well fully 
specified model! We show in annex A-6 that when the monetary policy risk premium is allowed to vary 
in a structural way (i.e., parameters ∝1,∝2,∝3 change), the impact on the yield curve is exactly the 
same as a combination of shocks on future short rates.   

Moreover, once it is understood that a factor is partially hidden as soon as its impact on yields is closely 
replicated by the impact of a combination of other factors, it should be clear that there is a general 
and massive problem of partially hidden factors in the modelling of interest rates.  

 
20 Indeed, Duffee (2013) completed Duffee (2011) by noting that a hidden factor problem also arises if a linear 
combination of state variables has equal and opposite effects on time-t expectations of future short-term rates 
and time-t expectations of future excess returns, leaving unchanged the time-t term structure. 
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All economic and financial shocks have a rather smooth impact along the yield curve. Unfortunately, 
no shock will have a very strong “signature” like pushing higher 3-year rates, pushing lower 4-year 
rates and again pushing higher 5-year rates! Thus, for all shocks, the impact on rates of various 
maturities can have a close polynomial approximation.  

We can verify that phenomenon by looking at the respective impact of shocks on short rates with very 
different level of persistence. Let’s assume that there is a shock of 1% on current short rates with an 
exponential decay rate of 𝜉𝜉 . The impact on the discount rate of maturity T will be (∫ 𝑒𝑒−𝜉𝜉𝑢𝑢𝑇𝑇

0 𝑑𝑑𝑢𝑢)/𝑇𝑇 =
1−𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉 𝑇𝑇
. In the following graph, we show this term for three very different values of 𝜉𝜉 (0.2, 0.4, 1.0). 

 Figure 7: 1−𝑒𝑒
−𝜉𝜉𝑇𝑇

𝜉𝜉 𝑇𝑇
 for various values of  𝝃𝝃 . 

  

If we approximate these curves by a polynomial of degree 2 (regression on constant, T, T2) for 
maturities between one and ten years, we find some very high 𝑀𝑀2: 0,9997 for 𝜉𝜉 = 0.2 , 0,997 for 𝜉𝜉 =
0.4 and 0,973 for 𝜉𝜉 = 1.   

Thus, the predominance of only three factors is not very surprising: it is the consequence of shocks 
having some rather smooth impacts along the yield curve.  The key observation is that all reasonable 
economic and financial shocks, even if they have some specific “signatures”, can be summarized by 
their specific « level », « slope » and « convexity» impact on the yield curve.    

Indeed, Rebonato (2018) (page 109) made an important observation: “So, yes, the yield curve changes 
are well described by changes in levels, slope and curvature, but so are many other quantities that have 
nothing to do with yields. Indeed, in 30-plus years of working with principal components with a variety 
of data derived from sources as unrelated as neutron scattering and yield curves, I do not recall a single 
case in which I have not found a level/slope/curvature pattern for the first principal components, at 
least when all the variables have been positively correlated. Which simply suggests we are mainly 
observing a mathematical fact, rather than a sign from an higher being.” Maybe this mathematical fact 
is that all smooth functions can be well approximated by a polynomial of degree 221…    

 
21 Crump and Gospodinov (2019) arrived broadly to the same conclusion in a more formal discussion of the 
traditional factor analysis of the yield curve: “At the heart of this “identification” problem lies the extreme cross-
sectional dependence across maturities that produces a polynomial pattern in the eigenvectors of the covariance 
and correlation matrices of these processes”. Like Rebonato (2018), they pointed out that the problem what 
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Thus, at the end of the day, even if there are many different types of shocks with all very different 
“signatures” on the yield curve, what we will always see we’ll be very similar to a combination of pure 
changes in level, slope and curvature. Unfortunately, once you have introduced 3 factors, all the 
following, as influential they can be for the risk premia dynamic, will always be quasi-hidden (or 
sometimes even fully hidden) in the cross-section of rates. As stressed by Duffee (2011), partially 
hidden factors can still be identified by the time-series properties of the yield curve. But, as we 
mentioned while discussing Cochrane and Piazzesi (2005), you have to be confident that the apparent 
“trading signals” in the times series are truly related to risk premia rather than the result of market 
inefficiencies (or small sample bias). It is much more reassuring to be able to extract the information 
from the cross-section of yields than from the time-series properties of the yield curve.      

Let’s go back to our model. In the current version, we do not allow the monetary policy risk premium 
to vary, so we don’t have an exact hidden factor problem: all our factors have (slightly) distinct 
“signatures” and would be fully extractable from the cross-section of yields in the absence of 
measurement errors. But all of these seven “signatures” can be closely approximated by a combination 
of level, slopes and curvatures effect. Thus, we have a massive quasi-hidden factors problem!  

The likely destruction of information in available zero coupons yields curves.  

Compared to a world exactly driven by only three factors (“level”, “slope” and “curvature”), the real 
world driven by our seven factors differ slightly. As we have just said, various shocks may have a slightly 
specific signature not fully captured by a combination of three factors (𝑀𝑀2 were not equal to 100% in 
the previous regressions…). There are probably some “glitches in the matrix” like in a popular film of 
the late 90s dealing with virtual reality22! Cochrane and Piazzesi (2005) may have spotted one of these 
glitches. It is important not to miss these weak signals and this require relying on very clean rates data. 
Unfortunately, the available data suffer from “noise” and do not really seem to do the job.   

Duffee (2011) identified very well the sources of the “small, transitory, idiosyncratic noise. This noise 
is generated from three sources. First, there are market imperfections that distort bond prices, such as 
bid/ask spreads. Second, there are market imperfections that distort payoffs to bonds (and thus distort 
what investors will pay for bonds), such as special RP rates. Third, there are distortions created by the 
mechanical interpolation of zero-coupon bond prices from coupon bond prices”. One could hope that 
the third source of noise has been sharply reduced by all the work done in central banks to produce 
zero-coupon bond prices based on a much more sophistical statistical analysis than pure mechanical 
interpolation, following the methodology pioneered by Nelson-Siegel (1987). As most recent studies, 
we use for the US the already mentioned zero-coupon rates provided by the Fed’s website. These rates 
are estimated using the Gürkaynak, Sack, and Wright (2007) (GSW) methodology, based on Svensson 
(1994) 23.  

Unfortunately, we believe that the current approach has serious deficiencies.  

  

 
obviously not specific to yield curve modelling: “These types of covariance matrices can arise in a non-financial 
context as well and this is illustrated with weather data”.  
22 Here the misleading matrix is the covariance matrix of the cross section of returns... 
23 The ECB also publishes zero-coupon rates based on an equivalent methodology, see Nymand-Andersen (2018). 
For a presentation of the methods used in most countries to produce zero-coupon bonds, see Bank for 
International Settlements (2005). 
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Instantaneous forward rates are supposed to be governed by six parameters specific to each trading 
day according to the following functional form: 

(15) 𝑓𝑓(𝑡𝑡,𝑇𝑇) =  𝛽𝛽0(𝑡𝑡) + 𝛽𝛽1(𝑡𝑡) 𝑒𝑒𝑥𝑥𝑥𝑥 �− 𝑇𝑇
𝜏𝜏1(𝑡𝑡)

� + 𝛽𝛽2(𝑡𝑡) ( 𝑇𝑇
𝜏𝜏1(𝑡𝑡))𝑒𝑒𝑥𝑥𝑥𝑥(− 𝑇𝑇

𝜏𝜏1(𝑡𝑡)) + 𝛽𝛽3(𝑡𝑡) ( 𝑇𝑇
𝜏𝜏2(𝑡𝑡))𝑒𝑒𝑥𝑥𝑥𝑥(− 𝑇𝑇

𝜏𝜏2(𝑡𝑡)) 

The six parameters are estimated at each date to get the best fit with the observed prices of Treasuries 
of various maturities.  

This looks like a very flexible functional form and, as we already mentioned, there is a mix of 

polynomials and exponentials that has a certain appeal ((𝛽𝛽1(𝑡𝑡) + 𝛽𝛽2(𝑡𝑡) ( 𝑇𝑇
𝜏𝜏1(𝑡𝑡))) 𝑒𝑒𝑥𝑥𝑥𝑥 �− 𝑇𝑇

𝜏𝜏1(𝑡𝑡)
�). Yet, it 

has been chosen in a rather atheoretical way with a focus on the role played by short rate expectations 
and little attention given to the role of risk premia or the functional form of the volatility correction. 
In other words, there was no place for the preliminary work done in section 1. As a result, there are 
two striking drawbacks:  

- The structural convexity of the yield curve at the very long end, due to the volatility correction, 
is described in (15) through exponential functions. But, as discussed in section 1, the impact 
on forward rates is more likely to be closely linked to the square of the horizon T24. Estimating 
models which assumes essentially a quadratic volatility correction with data generated 
assuming exponential convexities is likely to create bias.  

- In this functional form, there is no linear term. Yet, the impact of a structural change in the 
“duration risk premium” is linear. Indeed, as we discussed, the slope of the forward yield curve 
at a long horizon, after volatility correction, is expected to be constant: it should be exactly the 
equilibrium “duration risk premium”25. This is indeed the only key risk premium parameter 
that could be directly observable in the yield curve, without the need of a complex 
econometric model. 

In other words, at a horizon of 10 years or more, Svensson’s functional form (15) forces the forward 
rates to have a complex exponential dynamic, where they could simply be of the form a+bT+cT2. And 
it makes impossible to estimate the parameter b which has a rather strong economic interpretation 
(i.e., the equilibrium “duration risk premium” on a one-year discount bond). 

It is maybe due to this double disconnect between “the economics of the yield curve” and the 
functional form (15) that GSW do not seem perfectly happy with the forward rates they get. “One issue 
that we confront when reviewing the historical yield curve estimates is that the estimated parameters 
demonstrate some instability, in that they sometimes jump discretely from one day to the next, often 
with little actual movement in underlying bond prices. Anderson and Sleath (1999) illustrate clearly that 
changing a single data point in the set of prices used to fit the Svensson yield curve can produce a 
notable shift in parameters and also in fitted yields. This is a drawback of parameterized yield curves 
and forward rates can be particularly affected.”  

It would be interesting to know if this instability in estimated forward rates persist with a functional 
form more coherent with theory. This functional form should respect three constraints:   

- There should be a quadratic term in T2 to correctly fit the volatility correction.  

 
24 And when volatility changes in a transitory manner, we have seen in section 1 that the impact should be a 
(slight) change in the slope of the yield curve.  

25 This was shown in section 1 in a generic model which did not introduce yet the « monetary policy risk 
premium ». Only the « duration risk premium » plaid a role. But, as discussed in the annex, the « monetary policy 
risk » premium does not impact the shape of the forward rates yield curve at long horizons.  
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- To avoid destroying information, the number of parameters (excluding the T2 parameter) 
should be in line with the number of factors an economic analysis suggest. Seven parameters 
seem a minimum (there are 6 parameters in GSW). But as we have argued, we see our 7-
factors model as a first step before a more complete model with a time varying monetary 
policy risk premium. Moreover, an adequate treatment of the very long end of the curve may 
require some specific parameters at this horizon.  

- Many functional forms mixing exponential and polynomials may do the job, but a pure linear 
term should also be present.  

At this stage, we would advise the following 9 parameters (plus one for the quadratic term) 
formulation:  

𝑓𝑓(𝑡𝑡,𝑇𝑇) =  𝛽𝛽0(𝑡𝑡) + 𝛽𝛽1(𝑡𝑡) 𝑒𝑒𝑥𝑥𝑥𝑥 �−
𝑇𝑇

𝜏𝜏1(𝑡𝑡)
� + 𝛽𝛽2(𝑡𝑡) �

𝑇𝑇
𝜏𝜏1(𝑡𝑡)

� 𝑒𝑒𝑥𝑥𝑥𝑥 �−
𝑇𝑇

𝜏𝜏1(𝑡𝑡)
�

+ 𝛽𝛽3(𝑡𝑡) �
𝑇𝑇

𝜏𝜏1(𝑡𝑡)
�
2
𝑒𝑒𝑥𝑥𝑥𝑥(−

𝑇𝑇
𝜏𝜏1(𝑡𝑡)

) + 𝛽𝛽4(𝑡𝑡) 𝑒𝑒𝑥𝑥𝑥𝑥(−
𝑇𝑇

𝜏𝜏2(𝑡𝑡)
)

+ 𝛽𝛽5(𝑡𝑡)(
𝑇𝑇

𝜏𝜏2(𝑡𝑡)
) 𝑒𝑒𝑥𝑥𝑥𝑥(−

𝑇𝑇
𝜏𝜏2(𝑡𝑡)

)+𝛽𝛽6(𝑡𝑡)𝑇𝑇 + 𝛽𝛽7(𝑡𝑡)𝑇𝑇2 

Even with perfect rates data, it would be extremely difficult to extract the history of key variables from 
the yield curves alone. There are simply too many quasi-hidden factors. And to make the situation even 
worse, the data are far from perfect: there is probably some unfortunate destruction of information 
in GSW and improving the generation of zero-coupon rates should be a priority26.   

Let’s now describe precisely the data we use in our Kalman filter to address these issues:  

Treasuries rates.  

As there is probably nothing better, we use GSW data. But we use only 4 points in the yield curve. We 
believe that it is rather dangerous to try to fit precisely all the GSW yield curve since it is governed by 
a functional form that is not coherent with our model. The dangers were clearly signaled by Cochrane 
and Piazzesi (2008): “Yield curve models will be evaluated by how closely they match the functional 
form, not necessarily by how well they match the underlying data », « small amounts of smoothing 
have the potential to lose a lot of information in forecasting exercises » and « this finding suggests ill 
effects of smoothing across maturities in the GSW data ».  

We use :  

- 3-month T-bills rates (coming from the H15 fed dataset, not GSW).  
- Two instantaneous forward rates at our key horizons of one and three years (GSW). 
- The 10-year zero-coupon rate (GSW).  

We have chosen the 10-year zero-coupon rate rather than the instantaneous forward rate at a ten-
year horizon for two reasons. Firstly, as discussed previously, we are a bit suspicious of GSW 
instantaneous forward rates at long horizons. Secondly, the 10-year rate is really the benchmark rate 
whose story we want to explain. Thus, it is convenient to have it in the Kalman filter.  

 
26 Many authors have already spotted that the Nelson Siegel/Svensson functional form applied to forward rates 
was not fully compatible with a no-arbitrage model, see Christensen et al. (2011). But there has been little 
pressure for an overhaul of the methodology. There was probably the feeling that the large number of 
parameters in GSW was more than enough to allow a good fitting of the curve in a world where the true number 
of factors was seen as rather limited. But this is not the case, because the true number of factors is probably 
quite large. The instability of the estimated forward rates should have sent a stronger warning signal.   
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Equilibrium « duration risk premium » extracted from swap rates.  

As already discussed, there should be a fundamental information hidden in plain sight at the long end 
of the yield curve: the investors’ expectations regarding the “duration equilibrium risk premium”. 
Forward rates at short and medium terms horizons are heavily influenced by temporary changes in 
expected short rates and risk premia. But the slope at the long end, once corrected for the volatility 
effect, should offer a unique insight on what investors consider as the normal price of duration risk.  

But one can check that this expected linearity is not what we observe in GSW data (see Annex B). It 
should not be a surprise since we have just seen that the GSW functional form unfortunately exclude 
this linearity.  

Fortunately, swap rates provide another source of information to extract this information.   

Swap rates have many advantages to estimate a yield curve model. They are directly observable in a 
very liquid market. And it is straightforward to extract the zero-coupon rates from the traded swaps. 
They present only one problem: compared to treasuries, there is a credit risk premium linked to the 
difference of risk between investing in T-bills or in 3-month or 6-month LIBOR. This credit risk premium 
can be very large during financial crisis and need to be taken into account in a yield curve model based 
on swap rates. Moreover, available expectations surveys are based on Treasuries and not swaps. For 
all these reasons, we preferred, as most authors do, to stick to a Treasuries model.   

But it is important to note that the variable credit risk premium embedded in swap rates should not 
impact the slope of the instantaneous forward swap rates at a long horizon. We discuss this point in 
Annex B.  As with all key variables, at long term horizon like 10 years, investors probably believe that 
the credit risk premium will be stabilized. As a result, at the long end of the curve, credit risk premia 
should influence the level of swap forward rates, but not the slope.    

Thus, the slope of the zero-coupon swap rates provides, after a few statistical adjustments, a direct 
estimate of the equilibrium “duration risk premium”. In the Annex we describe precisely how this key 
information has been extracted to enter our model. We use the swap rates for the 8, 9, 10, 12 and 15-
year maturities. We don’t use longer rates because it seems likely that there are some specific risk 
premia at the very long end (20 or 30-years bonds). Moreover, in the database we use (refinitiv), the 
12-year rate starts only in October 1999. It is one of the reasons why our model has been estimated 
only for the period 1999-2021.       

Survey data    

In order to extract precisely and easily our seven key variables, we need to observe at least 7 variables 
that are not redundant, i.e., that bring enough own information relative to the other six. For the time 
being, we have 5 of them (4 treasury rates and one direct estimate of the equilibrium “duration risk 
premium”).  

The last two variables should come from surveys.  

We use mainly the quarterly Survey of Professional Forecasters (SPF). It was launched in 1968 by the 
American Statistical Association and the National Bureau of Economic Research and was managed by 
these sponsoring organizations until the first quarter of 1990. At this point, the survey almost died, but 
the Philadelphia Fed fortunately recognized its value and took over responsibility. It was then 
relaunched with an increase in the number of respondents. In the first quarter of 1992, questions 
about expected future 10-year rates were added.  
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Since 1992, SPF provides forecasts for 3-month and 10-year rates for the next four quarters (average 
expected rates during each of these quarters). Regarding medium-term or long-term expectations, 
once a year in the first quarter, the survey measures expectations on the average 3-month rate over 
the coming 10 years. The survey also provides forecast on an annual basis:  since the third quarter of 
2009, forecasts are provided for the next three calendar years (for example in 2021, for the years 2022, 
2023, 2024). Unfortunately, until the second quarter of 2009, only the year A+1 was provided. 

As we can see, a very rich set of information is provided since 2009.  We use 5 variables when in theory 
only two should be necessary to identify our 7 key variables once our five rates are known (these five 
rates previously discussed are the rates observed at the « survey date »27). But as expectations are 
known with measurement errors, it is useful to have more observed variables than the strict necessary.  

The variables are :  

- The 3-month rate expected at the one-year horizon28. This variable provides a key direct 
insight into the expected short-rate one year from now (our second key variable, 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 +
1)))29.  

- The 3-month rate expected at the three-year horizon (i.e., on average during year A+3, for 
example 2024 for surveys made in 2021). This variable provides a key direct insight into the 
expected short-rate three years from now (our second key variable, 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)))30.  

- The expected change in the 10-year rate between the rate expected in one quarter and the 
rate expected in four quarters. This variable plays an important role in the model as it gives a 
direct insight into the average expected risk premium on a 10-year bonds at this relatively 
short horizon between 3 months and one year. This is true because the expected change in 
bonds yields is obviously directly linked to expected excess returns (and the model « knows » 
how to make the exact connection!). Why did we choose to use that difference over three 
quarters rather than simply over the coming quarter (i.e., simply using the 10-year rate 
expected in 3 months versus the current observed 10-year rate)? As we want to have a direct 
insight into the current « tactical » risk premia, our key variable 𝜋𝜋(10, 𝑡𝑡),  forecasts at the 3-
month horizon would seem more accurate. The problem is that forecasts are made a few days 
before the official « closing date » of the survey.  As a result, when markets are instable, there 
is a lot of noise in the difference between the 3-month forecast and the rate measured at the 
closing date. This is one aspect of the synchronicity problem related to the use of surveys. By 
using the difference between the forecasts at the three-month and one-year horizons, we 
reduce to a large extent this noise (see Figure 10). We get a much smoother and more precise 
estimate of expected risk premia at a relatively short horizon (i.e., not exactly our key variable 
𝜋𝜋(10, 𝑡𝑡) but the average expected risk premium on a 10-year bond between Q+1 and Q+4).   

 
27 More precisely, the « deadline date » fixed by the Federal Reserve Bank of Philadelphia.  
28 For this expected variable, as for all the other variables issued from the survey, we have established the formal 
relation with the current key variables, assuming that investors are consistent in their expectations (i.e., assuming 
that all rates expected in the future are in line with the expected path for future short rates and risk premia). 
Moreover, we also take fully into account the fact that SPF asks investors about quarterly or yearly averages (see 
Annex A for the details).   
29 Obviously, the model takes full account of the fact that this variable is not exactly our second key variable. The 
expectation provided by SPF is on 3-month rates, not the instantaneous short rate (close to the Fed funds rate). 
Moreover, the SPF asks questions about quarterly averages. However, despite these differences fully taken into 
account in the Kalman filter, the two variables are conceptually very close. 
30 Same remark: the two variables are not exaclty the same, but the differences are not that large and are fully 
taken into account in the model. In Appendix, we give the mathematical expression on how these yearly averages 
depend on our key variables.   
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Figure 10: Expected changes in 10-year rates31 

 

- The expected change in the 10-year rate between the average rate expected in two years (i.e., 
2023 for 2021 surveys) and the average rate expected in three years (i.e., 2024 for 2021 
surveys). Here again, with all the information collected with the help of other variables on 
expected short rates, the model “knows” how to extract from this expected change in rates 
the expected risk premia at this horizon. Thus, this variable provides a direct insight into the 
risk premium on a 10-year bond expected by investors at a horizon of around 2 or 3 years (i.e., 
something close to our key variable 𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)�) 

- Last but not least, once a year (in the first quarter), we use the 3-month rate expected on 
average over the next 10-year. This is also a key information, since once known the expected 
rates over the next 3 years, it helps to forge an opinion on the equilibrium rate expected by 
investors (our key variable 𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)�).  

Overall, we see that we have 10 (in the first quarter) or 9 (in the other quarters) highly informative 
observable variables, significantly more than the 7 key variables we want to extract.  

Unfortunately, this is the enjoyable situation we have had only since the third quarter of 2009. 
Previously, direct information on medium-term expectations were rather poor. We were missing a 
direct estimate on investors’ expectations for short rates in three years or the expected excess return 
on bonds at this horizon. Yet, in the first quarter of each year, we still had enough information to 
extract our key variables from the yield curve. And for the other quarters, the situation was not as bad 
as it may look. We will see that the expected equilibrium short rate (key variable 𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)�) 
moves relatively slowly. Thus, the estimated level in the first quarter of the year gives some strong 
indication on its level in the following quarters.  

 
31 For this graph, to have more data and make the noise more apparent, we use the results of the monthly 
Consensus Economics (CF) survey rather than the quarterly SPF survey.   
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In other words, we have probably enough information to tell the true story of the yield curve over this 
entire period of more than two decades. But the precision of our estimates improves probably 
considerably after 2009. Before 2009, some of our estimates depended a lot on a key 
information available only once a year: the average expected level of short rates over the coming 10 
years. Any measurement error on this variable affects directly two of our most interesting key 
variables: the expected short rate equilibrium and the expected risk premia in three years. If the survey 
overestimates the expected short rates over this period of 10-years, the model will mechanically 
overestimate the equilibrium short rate and will underestimate the risk premium expected in three 
years. After 2009, the robustness of our estimates increases greatly as more information became 
available on medium-term expectations.  With better zero-coupon rates, one could probably introduce 
more rates, for example the forward rates at the 5 or 7-year horizons and be less dependent on the 
information drawn from surveys. We will come back in conclusion to how to improve the model. 

Last but not least, we also introduce in our estimates the results of another survey, the monthly 
“Consensus Economics” survey (CF). We have already used twice (Figures 5 and 10) this high-quality 
survey of respected financial and research institutions. It started in October 1989.  

This survey does not fill any gap of the SPF Survey. There are unfortunately no questions on medium 
term expectations in CF. Like the SPF survey, it provides short term forecasts for 3-month and 10-year 
rates (at the 3-month horizon and the one-year horizon). The results seem broadly consistent with the 
SPF’s answers. Yet, we have added in our Kalman filter the CF expected change in the 10-year rate 
between the 3-month and the one-year horizon. This provides another complementary source to study 
the average expected risk premium on a 10-year bond at horizon comprised between 3 month and 
one year. There is no reason not to use this information. Institutions which answer these surveys are 
not exactly the same and adding the answer to the CF survey is a way to improve the panel’s 
representativity.  

Moreover, as this is a monthly survey while SPF is quarterly, it gives much more information than the 
SPF survey on the dynamic of risk premia. Our Kaman filter stays quarterly, but we will use the monthly 
information from the CF survey in the next section to better understand why risk premia vary.  

We can now discuss the results of our model. It has been estimated over the period 1999-2021 by 
maximizing the likelihood function in a standard Kalman filter. The choice to start in 1999 has two 
justifications. Firstly, some of the swap data we use only start in October 1999 (see Annex B). Secondly, 
the main weakness of the model is probably to consider the monetary policy risk premium as fixed. 
We see in the data some signs that it was much higher in the 90s and thus we prefer to reduce the 
length of our estimation period. Our objective is very much to understand what explained the various 
“conundrum” apparent since the early 2000s.  

It is again important to note that our model imposes some very strong constraints on “the stochastic 
discount factor”. Risk premia are proportional to durations, with a correction for fix monetary policy 
premia. And we impose that there is a convergence process of risk premia towards a long-term 
equilibrium. These assumptions are based on our understanding of how investors form their 
expectations. We are not letting the model explore all the infinite possibilities of risk pricing and we 
are only estimating a limited set of “technical coefficients” (the “interpolation” coefficients (𝜉𝜉𝑋𝑋 , 𝜉𝜉𝑌𝑌 ), 
the parameters driving how the fix monetary policy risk premium depends on durations ( 𝛼𝛼1,𝛼𝛼2,𝛼𝛼3), 
the variance-covariance of shocks impacting our key variables (matrix 𝜓𝜓ℎ) and the measurement errors 
on our observable variables). Thus, we are not really concerned by all the bias and uncertainties that 
Duffee and Stanton (2012) associate with the different estimation techniques applied to models with 
very flexible specifications of the price of risk.  
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In this section, we start by discussing the parameters of the model32. In the next section, we will 
present the estimated history of our key variables and what they teach us about the history of the US 
yield curve.  

The first point to note is that the estimated measurement errors of our model are rather small. In other 
words, the key variables that we will discuss in the next section seem consistent both with the 
observed yield curves and the responses to the surveys33.  

Table 2: Measurement errors (basis points). 

 

But, as we have a large number of key variables (7) to explain the data, it should not be very surprising 
that they are able to provide a good fit. Table 2 is reassuring but the key test of the performance of 
the model will be provided in the next section: do our key variables make sense? Do they provide for 
any economists familiar with the history of the last two decades a compelling “story” of what 
happened?   

Before examining these questions, we can have a look at the volatilities and correlations between 
these variables as estimated by the model (matrix  𝜓𝜓ℎ).   

Table 3: Annualized volatilities (%).  

 

 

 
32 We can send to interested readers an excel sheet with the data, the Kalman filter and a documentation on 
how to use it.   
33 Yet, the model does not perfectly fit the forward rate at the one-year horizon (error measurement of 17 basis 
points). This should not be very surprising since a significant part of the variations at this horizon probably comes 
from the variation in the monetary policy risk premium that we have considered constant in this version.  
34 This measurement error has been constrained to be 0. We want our key variables to explain exactly the 10-
year rate to discuss in next section the history of this yield over nearly three decades without having to take into 
account these measurement errors.   

3-month rate 0.0 
1Y forward 17.1 
3Y forward 7.2 
10-year rate34 0.0 
Long-term slope of the forward rates 1.7 
SPF : Expected 3-month rate in four quarters 12.1 
SPF : Expected 3-month rate in three years 25.6 
SPF: Expected change in 10-year rates (between 3-month and one-year) 5.3 
CF: Expected change in 10-year rates (between 3-month and one-year) 4.9 
SPF: Expected change in 10-year rates (between 2 years and 3 years) 9.3 
Average three-month rates over the coming 10 years.  18.5 

𝑟𝑟0 (𝑡𝑡) 0.69 
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)) 0.91 
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)) 0.72 
𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) 0.22 
𝜋𝜋(10, 𝑡𝑡) 3.46 

𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)� 1.23 
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� 0.38 
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Views on the long-term equilibrium are rather stable and this is reassuring. The annualized volatility of 
the expected equilibrium short rate is only 0.22% (22 basis points) and the annualized volatility of the 
10-year bond expected risk premium is 0.38% (38 basis points).  

The striking result of this table is the large volatility of the current risk premium, i.e., the short -term 
excess return that investors require to absorb the available supply of bonds (3.46%). This means that 
the short term expected Sharpe ratio is very instable (with the volatility of 10-year bond price 
historically at 9%, a change of 3.46% in the risk premium means a change of the Sharpe ratio close to 
0.4). We will try to understand in the next section why this short term “tactical” risk premium seems 
so instable.  

 The estimated correlations between our key variables are also interesting to comment.  

Table 4: Correlation matrix.  

 𝑟𝑟0 (𝑡𝑡) 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)) 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)) 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) 𝜋𝜋(10, 𝑡𝑡) 𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)� 𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� 
𝑟𝑟0 (𝑡𝑡) 1.00 0.70 0.35 -0.38 0.04 0.11 -0.25 

𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)) 0.70 1.00 0.80 0.34 0.31 0.36 -0.52 
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)) 0.35 0.80 1.00 0.53 0.27 0.51 -0.63 
𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) -0.38 0.34 0.53 1.00 0.24 0.41 -0.46 
𝜋𝜋(10, 𝑡𝑡) 0.04 0.31 0.27 0.24 1.00 0.66 -0.36 

𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)� 0.11 0.36 0.51 0.41 0.66 1.00 -0.41 
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� -0.25 -0.52 -0.63 -0.46 -0.36 -0.41 1.00 

 

Firstly, we observe that short rates at various horizons are highly correlated, and that is not a surprise. 
For example, the correlation between quarterly change for the forecast at the one-year and three-year 
horizon is 0.80. The only surprise in this part of the table is the negative correlation between 
unexpected changes for the instantaneous short-rate and changes of views on the equilibrium short 
rate. An unexpected tightening of monetary policy seems to be more often than not followed by a 
decline in the expected equilibrium short rate. The reason is probably that unexpected tightening may 
reinforce the credibility of the Fed, and lead to lower inflation and short rate expectations in the long 
term.  

As far as risk premia are concerned, there is nothing strange in this table regarding the current risk 
premium and the risk premium expected in three years. There are together significantly positively 
correlated (0.66) and they are also positively correlated to changes in expected short rates. Higher 
expected interest rates are generally leading to higher risk premia on bonds in the short term and the 
medium term. We will discuss why it is the case in the next section.  

The only really puzzling result of this table concerns the expected equilibrium risk premium, which is 
negatively corelated to all other key variables. It is not easy to understand how higher structural risk 
premia could be associated with lower expected risk premia at a medium-term horizon. 

There are probably only two possible explanations for these correlations:   

- The first one relies on the credibility effect already discussed. Anticipations of a hawkish 
central bank may reassure investors that inflation will stay under control, and this may benefit 
the ultra-long interest rates. Thus, the negative correlation between expected short rates at 
the one and three-year horizons and expected structural risk premia may be real. Moreover, 
a subtle mechanism may as a result also trigger a negative correlation between risk premia at 
different horizons. We know that higher short-term interest rates also raise the risk premia at 
short and medium-term horizon (see the correlation in table 4 and the forthcoming discussion 
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in the next section on why the tactical risk premium is so volatile). Thus, changes in short-rates 
expectations may trigger as a by-product a bizarre negative correlation between risk premia 
at different horizons (i.e., the credibility effect at long horizons versus the “risk budget” effect 
that we are going to describe at shorter horizons). 

- Yet, the negative correlations seem a bit large to come from such subtle mechanisms. This 
negative set of correlations may simply reflect some sort of market inefficiency.  When 
expected short or medium term expected risk premia change, generally for “technical” reasons 
like the impact of profit taking or stop-loss orders, the impact on the yield curve may not be 
fully rational.  

We will come back in the next section on how to test these two interpretations and what they may 
imply for our estimates of the equilibrium risk premia. But it important to note that these strange 
correlations do not really modify how we see the sources of risk in the bond market. Almost all the 
changes in yields for maturities up to 15 years result from the first six factors that do not show any 
abnormal correlations. The 7th factor (i.e., changes in the expected equilibrium risk premium) 
contribute only 0.1% to the variance of the 10-year rate and 0.3% to the variance of the 15-year rate.   

Changes in this expected equilibrium risk premium, as measured probably with some noise by the long-
term slope of forwards, play an exceedingly small role for two reasons. Firstly, as was apparent in table 
3, these expectations at the long-term horizon are rather stable. Secondly, by construction, these 
changes affect how investors see the required risk premium many years ahead. But at this horizon, the 
current 10-year bond will have lost most of its duration and then will not be strongly impacted by the 
duration risk premium. Thus, the current right price of a 10-year bond depends mostly on the risk 
premia required in the coming few years, not on the expected risk premia at time close to the bond 
maturity.  

Thus, this strange last line has almost no impact on how the model describes the sources of volatility. 
The estimated covariance matrix between the six other much more important factors gives some 
powerful and convincing indications on why the US yield curve moves. It allows us to revisit for the last 
time the controversial role of the level, slope and curvature as main explanatory factors!     

The factor loadings (Equation (14)) determine how the rates of bonds of various durations depend on 
our key variables. Thus, it is possible to extract the relative contribution of the main sources of risk for 
Treasuries of different durations. In Figure 11, we represent for each bond the volatility of the zero-
coupon rate due to changes in risk premia (the last three factors taken together) relative to the 
volatility due to changes in short rates expectations (the first four factors). It should not be surprising, 
but we can see that the main source of risk differs markedly depending on the bonds’ durations. For 
one-year discount bound, the volatility coming from changing risk premia represents only 17% of the 
volatility explained by changing expectations regarding monetary policy. For 15-year bond, it is 2.1 
higher. According to the model, for bonds with a duration of 7.5 years, the contributions of the two 
sources of risk are similar. This is an estimate for the entire 1999-2021 period, and obviously the 
contributions of the two sources of risk may be different for other periods.      
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Figure 11: Volatility due to changing risk premia/Volatility due to new expectations regarding 
monetary policy. 

 

 

Economically, there are two major sources of risk, not three: changes in expected future short rates 
and changes in expected risk premia. Long-term rates can rise because investors believe short rates 
will rise in the future or because their risk aversion has increased (or, more accurately, because they 
have revised their estimation for other people risk aversion). These two sources of risk have a smooth 
impact along the yield curve: no shock will push some rates higher and other lower. But these two 
types of shocks do not impact the same way the short end and the long end of the yield curve. In 
general, increases in expected risk premia push higher the long end rather than the short end. The 
inverse is true for most monetary policy shocks.  

A purely statistical analysis of changes in the yield curve using the PCA methodology confirms that 
there are mainly two types of shocks. Indeed, according to Diebold, Piazzesi and Rrudebusch (2005) 
”to capture the time-series variation in yields, one or two factors may suffice since the first two principal 
components account for almost all (99 percent) of the variation in yields”.  Yet, the PCA alone does not 
allow to identify the factor loadings related to these two types of risk. The reason is that PCA 
orthogonalize the underlying factors: the PCA analysis will indicate that there are mainly “level” shocks 
and “slopes” shocks. A risk premia shock is a level shock combined to a positive slope shock, while a 
monetary policy shock is a level shock combined with a negative slope shock. But why do we need a 
third factor (“convexity”) and not only two to correctly represent all the shocks impacting the yield 
curve? The reason is that monetary policy shocks or risk premia shocks are broad and distinct families, 
but they are made of sub-categories. An increase in risk premia can be short lived or expected to be 
durable. The same can be said of an increase in short rates. And thus, two risk premia shocks will have 
broadly the same signature, but with some minor differences. We are close to a two-factor world well 
described statically by changes in something looking like “levels” and “slopes”35, but not exactly there. 
As a result, to correctly describe the signature of all shocks along the yield curve, we need to add a 
factor and use an approximation by polynomials of degree 2 (see our previous discussion and the 
important remarks of Crump (2019) and Rebonato (2018)).    

 
35 “Something looking like levels and slopes”, but not exactly levels and slopes… Duffee (2011) observed that the 
factor loadings on the first PCA factor were not exactly the same for all maturities. There are two main types of 
shocks (risk premia versus short rates), but they are not the combination of pure, exact level and slopes shocks. 
They have some subtle specificities that transpire in the orthogonalized PCA results.       
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Finally, we should note an interesting consequence of this near two-factors world. It is relatively easy 
on a daily basis to identify broadly why the bond market moved recently depending on the most 
affected maturities. As Cieslak and Pang (2020) put it: “the strength of relative responses of yields at 
different maturities can thus be exploited to isolate the risk-premium shocks”. Using only information 
from the yield curve, one can have a rather good understanding of the recent sources of changes36! 
But it is much more difficult to extract at any date the full expected path for short rates and risk premia 
(i.e., the seven factors level). For this, you also need to use surveys and a full model.           

3/ Two decades of US yield curves and risk premia revisited.  

Our model pretends to provide some new insights on the key determinants of the yield curve. It is thus 
necessary to check that the “story” makes sense once confronted to the macroeconomic context of 
the period. Obviously, as surveys play an important role, for some variables there should be little 
surprises: the model’s results are mechanically consistent with what experts told at the time. This is 
the case for the expected short-term rates at the horizon of one year and three years. With both direct 
questions in the SPF survey (after 2009 for the 3-year forecast) and the forwards rate available at this 
horizon, there is little doubt that the story told by our key variables for the expected monetary policy 
path in the short and medium terms makes sense.  

Yet, for other key variables, the model’s estimates do not come directly from the surveys’ answers and 
are extracted by complex calculations. They may well produce absurd estimates. This could clearly be 
the case for four variables of great interest that we are going to examine: the expected equilibrium 
short-rate, the current risk premium on a 10-year bond, the expected equilibrium risk premium on the 
same bond and, as an indication of the expected speed of convergence, the expected risk premium on 
this 10-year bond at a 3-year horizon. We’ll finish this section by examining another key output of the 
model: the risk premium “embedded” in 10-year rates, i.e., the difference between the 10-year rate 
and the average short term interest rates expected over this period. This “embedded” risk premium is 
often discussed in the literature as the key indicator to judge if the bond market is cheap or expansive.  

The equilibrium short rate.      

We feel that the model provides a rather compelling history of the expected equilibrium short rate 
over this period (see Figure 1), and this is a reassuring point because, due to the complex role of risk 
premia, it is in principle difficult to extract this equilibrium rate from the interest rates at a long horizon.  

The expected equilibrium short rate seems to have been rather stable in the range 3,8%/4,5% between 
1999 and 2012. It reached the upper part of the band between 2009 and 2010: many investors and 
experts were initially quite worried about the long-term impact on inflation, and thus future interest 
rates, of the very expansive monetary policy followed in the aftermath of the 2007-2009 financial crisis. 
Monetarists were quite disturbed by the large injection of money in the economy. Yet, inflation stayed 
stubbornly low and short-term interest rates were kept around 0 until 2016. As a result, expected 
equilibrium short rates started to fall. According to the model, they went from a bit more than 4% in 
2012-2013 to a bit less than 2 ½% in the middle of 2019. They have stayed broadly stabilized since 
then.  

  

 
36 Cieslak and Pang (2020) use this approach not only for bonds, but also for equities. From the relative changes 
in prices of various assets, they are able to extract the most likely origin of these changes (changes in expected 
short-rates, cash-flows, risk premia).  
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Figure 12: Equilibrium short rate.  

 

We can find a very similar downward trend in the forecasts published by the Fed. Since 2012, the Fed 
has published every quarter the path expected on average by the board’s members. Their forecasts at 
the long-term horizon have been close to the model’s results. The main difference is that the Fed 
seems to lag a bit behind the view priced into the market. When the evidence points out toward a 
lower equilibrium short rate, the Fed’s estimates seem to be revised with a delay of a few quarters 
and, as a result, more brutally. This was the case in 2015-2016 and 2018-2019. This is not surprising: 
the Fed is naturally a bit conservative and ask for more evidence before revising the message it sends 
on this important structural variable.    

Figure 13: The short rate long-term equilibrium: the model vs Fed’s forecasts. 

 

The current risk premia on a 10-year bond. 

Our model provides a measure of the expected risk premia at different horizon. Our three key variables 
are the current risk premia on a 10-year bond, the same risk premia expected in 3 years and the 
expected equilibrium risk premium.   
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Let’s start with the current risk premia on a 10-year bond. As it is generally done in the literature, we 
use a continuous time model because it is much more analytically tractable than a discrete time model. 
Thus, our key variable is an instantaneous risk premium: it measures the excess return (annualized) 
required by investors to hold bonds in the coming few seconds. But obviously, no investor, even the 
most speculative hedge funds, has an investment horizon of a few seconds… Most investors have 
probably a tactical horizon of a few months: they take their most important tactical decisions at this 
kind of horizon, not based on their feeling about where prices are heading in the coming hours or days. 
We’ll come back in the last section to this important question of the “investment tactical horizon” but 
it is already interesting to look not only at the instantaneous risk premium produced by the model, but 
also to the implicit risk premium provided for more reasonable tactical horizons like 3 months or even 
one year. Thus, the three “tactical” risk premia at different horizons are represented on the following 
graph37. 

Figure 14: Instantaneous, 3-month and one-year risk premia on a 10-year bond (expressed in 
annualized percentage points).  

 

For most readers, the results will seem so surprising that they may be tempted to dismiss outright the 
model. It seems that, whatever the definition, this short-term risk premium has been strongly negative 
for a very long period of time. Indeed, it was positive only at the very beginning of the period under 
review, in the immediate aftermath of Lehman Brothers failure in the fall of 2011 and in May 2021. 
For most markets’ commentators, long-term governments bonds are more risky than monetary 
instruments and should in normal times provide a positive risk premium. It does not seem to be the 
case, and this “aberration” does not seem new: on this Figure we see no spectacular break with the 
introduction of Quantitative Easing in 2010. Indeed, one period with particularly negative risk premia 
was the period 2004-2005, years before the Fed engaged in a distortive unconventional monetary 
policy. To make the situation worse, the estimate of the risk premia provided by the model seems to 
be very noisy with a lot of volatility.  

 
37 Formally, these three risk premia are 𝜋𝜋(10, 𝑡𝑡),  𝐸𝐸𝑡𝑡 �∫ 𝜋𝜋(10, 𝑡𝑡 + 𝑠𝑠)𝑑𝑑𝑠𝑠0,25

0 � /0,25 and 𝐸𝐸𝑡𝑡 �∫ 𝜋𝜋(10, 𝑡𝑡 + 𝑠𝑠)𝑑𝑑𝑠𝑠1
0 �. 
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These estimates of the current “tactical” risk premia is one of the most important output of the model. 
So, it is important to understand why from both a theoretical and empirical perspective these risk 
premia can be both strongly negative and volatile.   

From a purely theoretical perspective, the right approach seems to try to use the Capital Asset Pricing 
Model (CAPM) to better understand bonds risk premia. The CAPM intends to explain what determine 
the relative risk premia of all the assets included in the “Market Portfolio”. Yet, we believe that the 
textbook CAPM misses a fundamental aspect of modern fund management: the separation between 
strategic and tactical asset allocation decisions. 

Most professional investors proceed in two steps:  

First step, they establish a strategic allocation which fixes the normal allocation, based on their 
investment horizon, their tolerance for risks and the return they expect in the long term on various 
asset classes. This is the portfolio they hold when they do not expect any abnormal excess returns on 
some assets.  

For some short-term investors, for example the hedge funds, these strategic portfolios are simply 
made of Treasury bills. They do not see the benefit of taking risks if there is no expected short term 
excess return. But for most long-term investors, the strategic position is made of a mix of equities and 
bonds. There are two fundamental reasons for this situation. Firstly, long-term investors rightly do not 
consider Treasury bills as the risk-free asset. While holding bills, they are exposed to the reinvestment 
risk (i.e., where will be short-term interest rates in the future?). Thus, for long-term investors the risk-
free asset is a long-term government bond with the right maturity. Ideally, this bond should be indexed 
on inflation to be really risk-free, but when the central bank is targeting inflation in a credible manner, 
nominal bonds can almost do the job. Secondly, investors expect equities (or bonds exposed to credit 
risk) to provide a significant excess return over the long run. They are (rightly) not confident enough in 
their ability to forecast returns in the short term to take the risk of “missing out”, i.e., sell all the 
equities in their portfolio before an unexpected rally simply because they were slightly negative about 
the short term expected return.  

Second step, they make tactical decisions on their asset allocation as they introduce some short-term 
views on expected returns. The market is at its equilibrium when this tactical demand is just equal to 
the “Excess Supply Portfolio” (ESP). We call here the ESP the difference between the total market 
portfolio (i.e., all the risky assets on sale) and the part of this market portfolio that has already been, 
in some way mechanically, absorbed by investors’ strategic allocation. Prices will clear the market, i.e., 
equalize the ESP and the tactical allocation, through two powerful mechanisms: when there is too 
much demand for an asset, rising price will mechanically increase its weight in the ESP and higher 
current valuations should lead investors to reduce their expectations for future returns38.   

 
38 We will not yet elaborate on this, but it is likely that the two equilibrium mechanisms play with very different 
strength depending on the asset class. As demonstrated by Greenwood and Schleifer (2014), expectations seem 
mainly extrapolative in the equity market. Thus, rising prices do not seem to equilibrate the stock market by 
convincing rational investors that more expansive equities will lead to lower returns in the future. What 
equilibrates the market is the fact that higher prices increase mechanically the share of equities in investors’ 
portfolio. The equilibrium mechanism seems radically different in the bond market. First, the value effect is much 
less powerful since the prices of bonds move much less than the price of equities, except for bonds with a very 
high duration. Second, expectations seem much more rational and not extrapolative in the bond market. When 
the returns have been strong in the Treasuries market, investors expect lower returns in the future. We will come 
back in the conclusion on some other important differences between the pricing of risk in the government bonds 
and equity markets.   
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Now, if we substitute this ESP to the total market portfolio, we can see that we are still very much in 
the context of the traditional CAPM. At the equilibrium, the key determinants of the short term, 
tactical risk premia, are the modified betas: 𝛽𝛽 = 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠𝑡𝑡

𝜎𝜎𝐸𝐸𝐸𝐸𝐸𝐸
 𝜌𝜌𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠𝑠𝑠𝜕𝜕𝑠𝑠𝑠𝑠 𝑎𝑎𝑠𝑠𝑠𝑠𝑒𝑒𝑡𝑡,   𝐸𝐸𝐸𝐸𝑀𝑀 where 

𝜌𝜌𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠𝑠𝑠𝜕𝜕𝑠𝑠𝑠𝑠 𝑎𝑎𝑠𝑠𝑠𝑠𝑒𝑒𝑡𝑡,   𝐸𝐸𝐸𝐸𝑀𝑀 measures the correlation between bond prices and the “Excess Supply Portfolio”. 

We could try to completely formalize this modified CAPM and draw some rigorous conclusions about 
the tactical risk premia required on US treasuries. Yet, formalizing the key role of strategic asset 
allocations – and how they also depend on risk premia - is beyond the scope of this paper.  

Nevertheless, it appears qualitatively that the sign of the bonds risk premia and its absolute size will 
have three main determinants:   

1/ The correlation between bonds and equities, as the latter constitute probably the bulk of the ESP39. 
Here, it is what we observe on rolling periods of three months:  

Figure 15: Correlation between bonds and equities on rolling periods of three months.  

 

We see that in the 90s until 1998, the correlation was always positive and generally quite high. There 
are several reasons for that40. The anti-inflationary credibility of the Fed was probably not as 
established as it is today. So, there were some periods of inflationary fears both negative for bonds 
and equities. There were also periods of worries about the sustainability of the public deficit, which 
were also both negative for bonds and equities. Last but not least, in 1994, when the positive 
correlation reached a high of almost 0.8 there was a bond market crash that contaminated the equity 
market. But since the late 90s, the period covered by our model, the correlation has been on average 
negative, while highly unstable. Inflation was no more a significant worry. Indeed, investors feared at 

 
39 It is unlikely that the strategic demand for quoted equities is currently enough to absorb all the available supply. 
Currently, there are many total return funds that have some short-term benchmarks and don’t hold equities 
when there are no expected strong short-term risk premia. Yet, it is possible that during some periods in the 
past, the strategic allocations were so heavily weighted towards equities that little of them were available for 
the ESP. This strategic appetite for quoted equities may have played a role in the bull market of the late 90s. 
40 The structural inversion of the correlation between bonds and stocks at the end of the 90s is a major 
phenomenon that has been heavily studied. In a recent paper, Campbell, Pflueger, and Viceira (2020) stressed 
the key role of the changing correlation between inflation, profits and stock prices, and the “flight to safety” 
mechanism which has been much more powerful since the early 2000s.   
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time the risk of deflation and higher inflation, while still bad for bonds, became sometimes good for 
equities. The stock market also suffered a succession of crisis (Asian crisis in 1998, the explosion of the 
dotcom bubble in 2001-2003, the financial crisis of 2007-2009, the pandemic of 2020-2021…) and each 
time bonds benefited from investors’ “flight to safety” (and the support of the Fed which cut rates and 
bought bonds). 

2/ The weighting of bonds in the ESP. The presence of bonds in the ESP mechanically increases the 
Beta of bonds as the correlation of bonds with themselves is 1! In other words, even if bonds are 
negatively corelated with equities, if there is a large supply of bonds exceeding the strategic demand, 
risk premia may be positive. Investors may have to be paid to absorb a large supply even if bonds have 
some nice hedging properties.  

 In this respect a fundamental evolution of the last decades has been an increase in the strategic 
demand for US Treasuries (and more generally government bonds issued by major industrialized 
countries) and thus a decline of the share of US Treasuries in the ESP. There are many reasons for that:  

- The fear of inflation receded. The rising credibility of the Fed made nominal bonds an almost 
risk-free instrument for long term investors.  

- The rising importance of long-term retirement savings with the aging of the population has 
also probably boosted the demand for long-term bonds. 

- The tightening of regulations forced many institutional investors to increase the share of their 
portfolio devoted to the risk-free asset.   

- The change of correlations also plays a role at this strategic level. Many investors like funds 
with a balanced 50/50 strategic allocation because in case of a financial crisis the bond part of 
the portfolio should make for some of losses on the equity portion.  

Indeed, we see that there is the possibility of a sort of virtuous circle in favor of bonds. If there is an 
excess supply of bonds, when people want to reduce risks, they have to sell both bonds and equities, 
and the correlation is positive. But if due to a strong strategic demand, investors are short bonds in 
their tactical positions, they will have to buy back these bonds in times of financial stress. The 
correlation becomes negative and the nice new hedging properties of bonds boost even more the 
strategic demand.  

3/ Investors short-term incentives to take risks. From his egoist perspective, the risk-free position of 
the fund manager is to stick to its strategic asset allocation. Any tactical decision that proves wrong 
may have a negative impact on his reputation (and his bonus...). Thus, a fundamental mechanism in 
the actual investment world is the stop-loss constraint: most professional fund managers have an 
implicit or explicit loss ceiling and are forced to cancel their tactical positions, even is the provided risk 
premia seem particularly attractive, when they have exhausted their risk budget (and/or the patience 
of their bosses/clients). Thus, the risk premia that balance markets at every specific moment is very 
much dependent on the risk budget of fund managers, their confidence on their various investment 
methodologies and their recent performances. It is why short term/tactical risk premia may be very 
volatile.  

Based on these considerations, here is how we interpret the story of the 10-year US Treasury risk 
premium seen on Figure 14.  

During the 90s, the strategic allocation devoted to government bonds has increased for all the reasons 
already discussed. Indeed, we tend to believe that the risk premia on bonds turned structurally 
negative at the end of the 90s or the beginning of the years 2000s because a negative gap started to 
appear between a stronger “strategic” demand for US treasuries and the available supply. To improve 
your return, you may now have to accept a tactical short position in a very expansive US Treasuries 
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market. Over the last two decades, we have the feeling that the average position of the hedge funds 
community has been more often short than long (with sometimes some painful results…) in the US 
Treasuries market.    

Yet, the size of these negative risk premia was volatile because they depended at each date on the two 
rather instable fundamental factors we mentioned:  

- The correlation between bonds and equities. Figure 15 shows how volatile it can be.  
- The ability of fund managers to take short tactical positions on bonds. It depends on their 

overall tactical risk budget and their confidence on their forecast. Both were likely influenced 
on each date by recent market performance, that is, whether a short position in bonds had 
recently been rewarded or punished. 

To test this interpretation, it is useful to check if past “tactical risk” premia can be explained by:  

- Some kind of trend measuring the progressively disappearing share of US Treasuries in the ESP.  

- The changing correlation between equities and US Treasuries.  

- Contemporaneous markets movements that may have encouraged or not investors to put in place 
large tactical positions.     

We may try to explain this way the 3-month risk premia produced by the model, but we preferred to 
use instead the answers given by investors to the Consensus Economics surveys. As we have noticed 
in the previous section, the measurement errors that our model attributes to the answer to this survey 
are rather small: the risk premia directly extracted from the survey are close to the model’s estimates 
(something that we are going to verify). And there are three important reasons why we prefer to use 
the survey’s results:  

- The CF survey also covers the 90s, and so we can test the assumption of some kind of structural 
break with the decline of inflation fears and the change in correlations in the late 90s. 

- This survey is monthly while our model is quarterly. Thus, we have three times more data point 
to test how the recent dynamic of markets impacts the risk premia. 

- Finally, the interpretation of our results will be more straightforward. The instantaneous or 3-
month risk premia produced by the model are the results of complex calculations. The risk 
premia directly extracted from surveys may seem easier to understand, interpret and 
criticized.     

More precisely, as we have already done in the first section (Figure 5) on an annual basis, the survey 
allows to measure the forward premium, i.e., the difference between the 10-year forward rate priced 
into the market and the rate expected by investors at this horizon. This forward premium is directly 
related to the expected risk premia required by investors between now and the end of the forecasting 
horizon.  

But there is one final obstacle already encountered before we can use the surveys. These forward 
premia are very volatile on a monthly basis (and it is why in the first section we used only annual data).  
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Figure 16: forward premia at the 3-month and one-year year horizon41.  

 

We see two main reasons for this volatility that seems to exceed the true volatility of short-term 
tactical risk premia:  

- The GSW rates – current and forward - have a liquidity component as they are extracted from 
the prices of off-the-run bonds. Answers to surveys relate to the yield on very liquid 
benchmark bonds. This liquidity premium can be large and volatile in times of financial crisis 
(indeed, the positive risk premia in 2008-2009 that appear in Figure 16 are fully explained by 
this liquidity risk premium).  

- The other reason has already been exposed when we presented the variables included in the 
model. The closing date of the survey is not the exact date when people answer. Thus, the 
forward rates calculated at the closing date of the survey do not exactly represent the 
information on which experts based their forecasts. This lack of synchronicity can be especially 
problematic to measure risk premia in turbulent markets conditions.  

But if we take the difference between the forward premium at the one-year horizon and the forward 
premium at the three-month horizon, much of these two types of noise disappear. The bias on 
forwards rates (illiquidity premium and lack of synchronicity) probably impacts forward rates at the 3-
month and one-year horizon in a similar way. Thus, taking the difference diminishes drastically these 
noise impacts. But what is precisely the information available in this difference between forward 
premia at different horizons?  

Without surprise, annex C shows that there is a direct link between this difference of forward premia 
and the average risk premia expected in the future at this horizon between 3 months and one year.  

  

 
41 Using the conventions of the first section, we have 𝐹𝐹10(𝑡𝑡, 𝑡𝑡 + 0,25) − 𝐸𝐸𝑡𝑡(𝑟𝑟10(𝑡𝑡 + 0,25))  and 𝐹𝐹10(𝑡𝑡, 𝑡𝑡 + 1) −
𝐸𝐸𝑡𝑡(𝑟𝑟10(𝑡𝑡 + 1)) with the forward rates calculated from the Fed database and the expected rates coming from the 
Consensus Economics monthly survey. As the survey asks questions about par rates and not discount-bonds, we 
have also made the needed adjustment to calculate par forwards from the Fed database. 
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More precisely, we demonstrate the following relationship:  

4
3
𝐸𝐸𝑡𝑡 �∫ 𝜋𝜋(10, 𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡+1

𝑡𝑡+25 � = 40
3
�(𝐹𝐹10(𝑡𝑡, 1) − 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+110 )) − ( 𝐹𝐹10(𝑡𝑡, 0,25) − 𝐸𝐸𝑡𝑡�𝑟𝑟𝑡𝑡+0,25

10 �)� +
75 𝑏𝑏𝑎𝑎𝑠𝑠𝑏𝑏𝑠𝑠 𝑥𝑥𝐿𝐿𝑏𝑏𝑎𝑎𝑡𝑡𝑠𝑠   

The average risk premia on a 10-year bond expected at the horizon between 3 months and one year 

(4
3
𝐸𝐸𝑡𝑡 �∫ 𝜋𝜋(10, 𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡+1

𝑡𝑡+25 �) is equal to the difference of forward premium multiplied by 40/3, plus a 

constant corrective term. This corrective term is due to the volatility correction that we have already 
discussed in the first section (equation 10) and to the existence of the monetary policy risk premium42. 
In the following graph, we represent this average risk premia. The volatility has been sharply reduced 
with the synchronicity problem solved, but it stays elevated. We can also note that the large risk premia 
that were apparent in Figure 16 during the 2008-2009 financial crisis have disappeared.      

 Figure 17: Average risk premia expected by investors between the 3-month and one-year horizon.   

 

We can also notice that for the quarterly date included in the model for the years 1999-2021, as 
announced these risk premia directly extracted from the CF survey are closely linked to the model’s 3-
month risk premia and one-year risk premia (see Figure 18).  

There is nothing miraculous about that. The change in expected 10-year rates between the 3-month 
and one-year horizons is the main input used by the model to estimate the current short term risk 
premia. Moreover, as already mentioned, the results of the different surveys – CF vs SPF – are quite 
close.  

  

 
42 It is easy to understand the origin of this significant correction introduced by the monetary policy risk premium. 
Buying the 10-year forward at a one-year horizon is equivalent to buying a 11-year discount bond financed by a 
one-year debt. The monetary policy risk premium introduces a significant cost to this one-year debt, and this 
cost is not compensated by the extra-yield earned by holding a 11-year discount bond rather than a 10-year 
bond. Thus, to be profitable, the operation requires that the risk premium on the 10-year bond be slightly higher 
than what a superficial analysis of the spread between forward rates and expected rates would suggest.  
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Figure 18: Comparison for common quarterly dates of the 3-month and one-year risk premia 
estimated by the model with the average CF risk premia between the 3-month and one-year horizon.    

 

Following the previous discussion, we introduce four variables to explain the monthly risk premia 
extracted from the CF survey over almost three decades:   

- Corr3: This is the correlation between the price of bonds (the 10-year discount bond) and the 
price of equities (the S&P500 index). This variable has already been shown in Figure 15 (the 3-
month rolling correlation).  

- Surp: This measures the result of a long position in 10-year Treasuries over the last 6 months. 
It is equal to the difference between the 10-year currently observed and the rate priced in the 
market 6 months earlier (𝑠𝑠𝑢𝑢𝑟𝑟𝑥𝑥(𝑡𝑡) = 𝑟𝑟10(𝑡𝑡) −  𝐹𝐹10(𝑡𝑡 − 0.5, 0.5)). As discussed, we suppose 
that tactical asset allocators with a limited risk budget do not like to fight the trend. Thus, we 
want to verify that the risk premia are higher when being long has been penalized during 
several months43.  

- The last two variables are pure temporal trends. We believe that the strategic demand for 
bonds has increased over this period of three decades and that there has been as a result, 
independently of the specific conditions prevailing at any date, a structural downward trend 
in risk premia. To allow an inflexion of this trend over time the two variables are t and t2.  

The estimation, over the period January 1990 – May 2021, shows that all these variables are highly 
significative.  

𝑀𝑀𝑑𝑑 = 𝐶𝐶𝑠𝑠𝑡𝑡 + 0,92 𝐶𝐶𝐿𝐿𝑟𝑟𝑟𝑟3 + 0,94 𝑆𝑆𝑢𝑢𝑟𝑟𝑥𝑥 − 0,030 𝑇𝑇𝑒𝑒𝑇𝑇𝑥𝑥𝑠𝑠 + 4,5 10−5 𝑇𝑇𝑒𝑒𝑇𝑇𝑥𝑥𝑠𝑠2  

  (t=3,44)          (t=8,20)           (t=-10,00)              (t=6,76) 

 
43 The choice of 6 months comes from the try of various periods. This is the period which provides the better 
fit.  
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Taken together, they explain a large part of the observed changes in risk premia (R2 of 0,70). Figure 19 
shows the observed premium and the simulated premium. It also introduces the specific contribution 
of the “strategic trend”, i.e., where would be this specific forward premium assuming no special 
contributions from special markets conditions. In other words, in this curve, we simulate the risk 
premium assuming that at the specific date the correlation between bonds and equities is 0, and there 
has been no surprising trend in rates over the last 6 months.   

Figure 19: Average risk premia expected by investors between the 3-month and one-year horizon.   

 

Obviously, with a simple polynomial of degree 2, we don’t have a very precise estimates of the inflexion 
points. But it seems clear that the structural decline in risk premia started rather soon in the 90s and 
that it has been broadly stabilized in the last few years. It may seem a bit surprising, but these estimates 
do not show a large impact of the QE policy which started in 2010. The risk premium continued to 
decline slightly afterwards, but with little signs of a significative acceleration. Maybe the amount of 
bonds bought by the central bank was finally not that large compared to the total wealth of investors. 
Or maybe the risk premium was already so negative that it was difficult to push it even lower.    

Since there is a very large impact of the surprise variable on risk premia, it is useful to better 
understand how it plays out. In fact, we must distinguish two different situations. When there is a large 
quantity of bonds in the ESP (early 90s?), investors must absorb these bonds in their tactical positions 
and risk premia tend to be positive. When these tactical positions have been systemically on the losing 
side for many months, the risk premia required to balance the market increase. Now there is the 
symmetric situation where tactical positions are on average short (i.e., the ESP is short bonds), and 
investors require negative risk premia to accept a portfolio with a duration lower than in their strategic 
allocation. In this situation (the last two decades?), rising rates constitute a good surprise. There is no 
stop-loss orders but investors are encouraged to increase their short positions and the required risk 
premia are less negative than they are in normal times. The interesting thing about this story is that in 
the intermediary situation where tactical positions and risk premia are close to 0, the trend in the 
market should not really matter. There are no losses to absorb or incentives to increase the short 
positions. Thus, one would expect the surprise effect to depend on the absolute value of the risk 
premia. When risk premia and tactical positions are small, there should be less impact of the surprises. 
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But when tactical positions are large (long or short), the impact should be more significative. Thus, the 
impact of rates surprises should be better described by the variable �𝑎𝑎 + 𝑏𝑏 𝐴𝐴𝐵𝐵𝑆𝑆(𝑀𝑀𝑑𝑑)�𝑠𝑠𝑢𝑢𝑟𝑟𝑥𝑥. : The 
higher the absolute value of the risk premium, the stronger the impact of surprises. 

If we add the variable 𝐴𝐴𝐵𝐵𝑆𝑆(𝑀𝑀𝑑𝑑) 𝑠𝑠𝑢𝑢𝑟𝑟𝑥𝑥 in the previous equation, it is what we observe44:  

𝑀𝑀𝑑𝑑 = 𝐶𝐶𝑠𝑠𝑡𝑡 + 0.91 𝐶𝐶𝐿𝐿𝑟𝑟𝑟𝑟3 + 0.29 𝑆𝑆𝑢𝑢𝑟𝑟𝑥𝑥 + 0.31 𝐴𝐴𝐵𝐵𝑆𝑆(𝑀𝑀𝑑𝑑) 𝑠𝑠𝑢𝑢𝑟𝑟𝑥𝑥 − 0.028 𝑇𝑇𝑒𝑒𝑇𝑇𝑥𝑥𝑠𝑠 + 4.4 10−5 𝑇𝑇𝑒𝑒𝑇𝑇𝑥𝑥𝑠𝑠2  

          (t=3.48)              (t=1.4)    (t=3.82)                 (t=-9,67)        (t=6.67) 

When the risk premium is close to zero, the impact of surprises no more appears to be significative 
(student = 1.4).  

Overall, we feel that we have a good understanding of why (and when) the risk premia on long-term 
bonds turned structurally negative, and why they may vary substantially around their 
structural/strategic level (i.e., the role of correlations and various incentives mechanisms). This purely 
financial analysis of the risk premia required by fund managers obviously do not close the door to a 
role played by the macroeconomic context.  In particular, the correlation between the price of bonds 
and equities may depend on the position in the economic cycle. Also, the end of recession is never 
perfectly forecasted and thus the accompanying increase in interest rates is always partly a surprise. 
Thus, it should be no surprise that at the observed end of recessions, fund managers require a higher 
positive (or a less negative) risk premium45.  

Yet, they are many periods that stay a bit mysterious with abnormally large risk premia not explained 
by our variables. The most striking example was in the spring of 2005. The risk premium was 
particularly negative as investors expected long term rates to be on a rising trend. Why didn’t investors 
increase their shorts in the market to benefit from these expected rising rates? According to Figure 19, 
the correlation/surprises explanation was not strong enough at the time to explain the reticence to 
increase short positions. It is interesting to note that this period was a typical period of “fundamentalist 
capitulation”: in the previous quarters, the behavior of long-term rates has been puzzling and investors 
were a bit lost about the market dynamic. It was exactly at that time that Federal Reserve Chairman 
Alan Greenspan famously spoke of a “bond conundrum”: “For the moment, the broadly unanticipated 
behavior of world bond markets remains a conundrum. Bond price movements may be a short-term 
aberration, but it will be some time before we are able to better judge the forces underlying recent 
experience”46.   

Thus, investors were probably very reticent to take large tactical positions in an uncertain context. 
Thus, it is possible that the risk premium was indeed perceived as remarkably high, but investors 
preferred to stick to their “strategic allocation” due to a high level of uncertainty. Yet, it is likely that 
our survey-based risk premium was exaggerated for two reasons. Firstly, it is possible that investors 
didn’t trust anymore the bearish forecasts published by the economists who answer surveys. We are 
maybe faced with the problem of the representativity of surveys that we discussed in the previous 
section. Secondly, it is also possible that we encountered at that time a discrepancy between the 

 
44 One might be concerned about seeing the RP variable on both the right and left side of the equation. But we 
take the absolute value and, above all, it is multiplied by the variable surp which is very volatile and often changes 
sign. 
45 However, the theoretical role of macroeconomic variables is more ambiguous than generally assumed in the 
literature. The general view is that investors do not want to take risk in the midst of a recession and therefore 
risk premia should rise. But, as we already pointed out, this is only true when risk premia are positive and there 
is an excess supply to be absorbed. With negative risk premia and short tactical positions, if investors want to 
reduce the risks they take, risk premia should decline toward even more negative levels.   
46 February 17, 2005, testimony before the Committee on Banking, Housing, and Urban Affairs of the U.S. Senate.  



51 
 

average and the most likely expected scenario: economist and investors thought that rates will sooner 
or later rise in the most likely scenario, but they did not exclude that the conundrum will continue with 
abnormally low long-term rates. The average expected return on shorting bonds would have been 
significantly lower than what the surveys based on the most likely scenario were indicating.  

Overall, surveys have drawbacks that we have already mentioned, and we will revisit the issue later. 
But we strongly believe that the main critical messages sent by figures 14 and 19 are real. Bonds risk 
premia turned structurally negative while we were changing of century. There has been for the last 20 
years an excess demand from investors for long-term Treasuries. And when for a given financial asset, 
there is a large gap between the “strategic” demand and the supply, the risk premium required to clear 
the market may be very volatile. When tactical positions have been losing money for a while or when 
the degree of uncertainty is particularly high, fund managers may prefer to stick to their strategic 
allocation. 

The equilibrium risk premium on a 10-year bond.  

The large instability of the current risk premia contrasts spectacularly with the relative stability of the 
expected equilibrium risk premium, especially since 2005 (see Figure 20).  

Figure 20: Expected equilibrium risk premium (annualized percentage points).  

 

 

Remember that this equilibrium risk premium has two components: a monetary policy risk premium 
considered as fixed (estimated at 0.6% for a zero-coupon 10-year rate by our model) and the variable 
equilibrium duration risk premium, mainly extracted from the slope of the forward rates at a horizon 
comprised between 8 and 15 years. There is a double question mark about the precision of our 
estimates: the monetary policy risk premium may vary and as discussed in section 2, forward rates at 
a long horizon may provide an imperfect estimate of the equilibrium duration risk premium.  
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Thus, it is necessary to come back briefly to the potential market’s inefficiency unveiled in the previous 
section. Why do we observe a counterintuitive negative correlation between this expected equilibrium 
risk premium and the expected risk premia at shorter horizon?  

To better understand, it is useful to examine the reaction of this long-term slope/equilibrium risk 
premium to the two different types of shocks: changes in short rates expectations versus risk premia 
expectations. Thus, we have regressed the changes in the equilibrium risk premium (as estimated) on 
two different key (estimated) variables: the change in the expected short rate at the three-year horizon 
and the change in the expected risk premium at the same three-year horizon (i.e., the last key variable 
that we are next going to comment).   Here are the results for the quarterly estimates over the period 
1999-2021:  

∆ 𝐸𝐸𝑞𝑞𝑢𝑢𝑏𝑏𝑞𝑞𝑏𝑏𝑏𝑏𝑟𝑟𝑏𝑏𝑢𝑢𝑇𝑇 𝑀𝑀𝑑𝑑 =  −0.024 − 0.39 ∆ 𝐸𝐸𝑥𝑥𝑥𝑥𝑒𝑒𝑐𝑐𝑡𝑡𝑒𝑒𝑑𝑑 𝑠𝑠ℎ𝐿𝐿𝑟𝑟𝑡𝑡 𝑟𝑟𝑎𝑎𝑡𝑡𝑒𝑒𝑠𝑠 (𝑏𝑏𝑎𝑎 3𝑌𝑌) − 0.12 ∆ 𝐸𝐸𝑥𝑥𝑥𝑥𝑒𝑒𝑐𝑐𝑡𝑡𝑒𝑒𝑑𝑑 𝑀𝑀𝑑𝑑 (𝑏𝑏𝑎𝑎 3𝑌𝑌)     

                       (t=-1,01)    (t=-5,11)                                                        (t=-2.73) 

− 1.60 𝐷𝐷𝑢𝑢𝑇𝑇𝑇𝑇𝐷𝐷 𝑁𝑁𝐿𝐿𝑁𝑁 08 + 1.18 𝐷𝐷𝑢𝑢𝑇𝑇𝑇𝑇𝐷𝐷 𝐹𝐹𝑒𝑒𝑏𝑏 0947  

  (t=-5.44)                             (t=4,74)    

  R2=0,62  

The result is interesting. The most powerful mechanism seems to be the only one supported (perhaps) 
by some economic rationality. Higher short rates seem to lower the equilibrium risk premium, while 
we have seen that they have just the opposite impact on the short-term “tactical” risk premium. This 
is not absurd as a hawkish central bank limits the risks of inflation. Yet, this regression also shows that 
pure shocks on expected risk premia in the medium-term, not directly triggered by higher short rates, 
have still a counterintuitive impact on the long-term slope of forward rates. When expected risk 
premium in three years increase by 1%, the equilibrium risk premium declines by 0,12%. This (modest) 
negative impact has little economic sense.   

In fact, it should not be surprising to observe some strange movements in the yield curve when 
expected risk premia change. These changes are often triggered by brutal portfolio adjustments 
(following profit-taking or the activation of stop-loss orders) and it would be miraculous if the market 
was able to instantaneously price all the segments in the yield curve in a fully rational manner, with a 
perfectly define path for future duration risk premia48! What all this discussion may probably reveal is 
that when there is a brutal “technical” adjustment of positions, the bonds with the longest duration 
may be slightly less impacted than they should.   

Thus, in some way, our estimates and Figure 20 may exaggerate the true volatility of (expected) 
equilibrium risk premia. The forward rates slope for long maturity may move (slightly) for technical 
reasons without any real change of opinion from investors regarding the long-term equilibrium.  

We believe that the main message of the model is robust. During the last two decades, investors have 
probably considered that the normal risk premium on a 10-year bond was relatively stable in a range 

 
47 Dummies in Q4 200t8 and Q1 2009 are highly significative and justified by the post-Lehman market dislocations 
at the end of 2008.  
48 Indeed, as we already said, we have never seen clearly in the literature the fundamental equation (11), page 
21, which establishes a clear link between the forward slopes and the expected duration risk premia. If the link 
is not in the arbitrage model used by investors, it has little chance to be permanently efficiently implemented in 
the market…    
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2%-3% per annum. There is probably some noise in these estimates, but investors do not easily change 
their estimate for the equilibrium risk premia.  

This is one of the most striking observations of this paper. While the actual risk premium on bonds 
seems to have turned significantly negative over the last 20 years, it appears that market participants 
have not really modified their long-term view about the right pricing of risk.  

The expected risk premium at a 3-year horizon on a 10-year bond  

In this context, it is obviously interesting to gain some insight on the convergence process expected by 
investors. Thus, we can look at what the model tells us about the risk premium expected in three years. 
To make the convergence process clear, we have kept in Figure 21 our estimates for the 3-month 
“tactical” risk premium and the equilibrium risk premium.  

One should keep in mind that these estimates are much more reliable (see the previous section that 
describes the model) after 2009 than before. This is because the Federal Reserve Bank of Philadelphia 
in that year began asking more key questions about the medium-term outlook in the SPF survey.  

Figure 21: Expected risk premium on a 10-year bond at different horizons.  

 

The story told by this Figure is also striking. From 2005 to 2010, there was little realization that the risk 
premia have structurally changed. To use Chairman Greenspan 2005’s word, for most investors there 
was no more “conundrum” and bonds were priced with the underlying view that the risk premia would 
rapidly converge towards its positive equilibrium level. The reason is that this flawed view was 
temporarily saved by the strength of the economy in 2005-2007, just before the financial crisis. Long-
term rates have indeed increased after the famous Greenspan’s testimony. The 10-year rate went from 
slightly above 4% when Alan Greenspan spoke to a plateau around 5% between the summer of 2006 
and the summer of 2007. But this was in the context of a strong economy and a sharp tightening of 
monetary policy (the Fed fund rates went from 2.5% in February 2005 to a peak of 5.25% at the end of 
2006 and until the summer of 2007). The trend is your friend and this increase in rates allowed 
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investors to keep or even increase their short tactical positions. Discussions of the “conundrum” took 
a back seat. 

The financial crisis did not change by itself the situation and how investors saw the path for future risk 
premia. They were still expecting a relatively quick convergence towards a relatively stable and positive 
equilibrium risk premium. But everything changed with the intensification of the QE policy. It was clear 
that this policy intended to work through a compression of risk premia. Thus, investors started to revise 
their estimates of future risk premia sharply downwards. According to our estimates, the low point in 
risk premia expected over the 3-year horizon was reached in the summer and fall of 2012 when QE3 
was launched with a new $40 billion per month, open-ended bond purchasing program.  

This analysis provides a rather original and interesting reading of the impressive effectiveness of QE in 
bringing down long rates. These purchases do not seem to have changed the current risk premia much: 
they were already negative since the turn of the century. There was probably even before QE a large 
gap in the supply of long-term treasuries relative to the strong “strategic” demand from long-term 
investors. What QE has done is force the market to reassess its mistaken views on how risk premia will 
move forward. It was mainly a catalyst: the long-awaited awakening has come at least.   

But we also see that the market probably has not changed its long-term view of required risk premia 
much. As soon as the economy improved and the Fed started talking about “tampering” its purchases, 
expected risk premia surged and pushed long-term rates higher. This type of temporary mini-bear 
markets, driven by rising expected risk premia, has been observed in 2013, 2018 and in the first months 
of 2021. But we also see that the market probably hasn't changed its long-term view of required risk 
premiums much.  

The “embedded” risk premia. 

When investors or economists talk about risk premium or risk premia, it is not always clear what they 
are referring to. There are at least four different concepts that can be called “risk premia”. First, there 
are the historically observed “risk premia” - that is, what excess returns have been produced by 
different risky asset classes over the past decades. Second, there are the perceived “equilibrium” risk 
premia: these are the risk premia that investors consider normal, due to the different risk 
characteristics of various assets. These perceived “equilibrium” risk premia are generally used to build 
the strategic allocation. Most often than not, they are (unfortunately) strongly influenced by past 
experiences, i.e., the historical risk premia. For 10-year discount bonds, this perceived equilibrium risk 
premium is one of the outputs of the model (see Figure 20). Third, there are the current (volatile) risk 
premia: how much short-term excess returns do investors need to always balance the markets (i.e., 
equalize total demand - strategic and tactical - with the available supply). As we have often done, it 
could also be called the tactical or CAPM risk premia because they are the short-term risk premia that 
this model tries to explain based on assets’ Betas. And there is a fourth concept of risk premia, perhaps 
the most important: the “embedded” risk premia. 

“Embedded” risk premia are the risk premia seen from the perspective of the long-term investors. At 
current prices, how well are these investors rewarded for holding various assets? For the 10-year 
discount bond, the “embedded” risk premium is the difference between the 10-year rate and the 
average expected short rate over the next 10 years49. When the difference is large, bonds are 
considered cheap. When the difference is small or even negative, bonds are considered expansive.   

 
49 The name given to this risk premium is not stabilized in the literature. The most frequent name is “term 
premium” (see for example Adrian et al. (2013), Cohen, Hördahl and Xia (2018) or Bauer and Rudebusch (2020). 
Yet, among influential papers, Cochrane (2008) called it the “yield-curve risk premium” and Kim and Wright 
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As our model provides an estimate of the short rates and risk premia expected in the future, we can 
track the history of this embedded risk premium. Moreover, it is possible to calculate the embedded 
risk premium that would be considered as “normal” by investors. It is the difference between 10-year 
rates and future expected short rates that would provide on average an excess return in line with the 
“equilibrium” risk premia (taking into account the fact that the duration of bonds declines with time). 
Figure 22 provides the model’s estimate of these two key embedded risk premia (the observed one 
and the “normal” one).  

Figure 22: The “embedded” risk premia (% annualized, 10-year discount bond).   

 

The “normal” difference between 10-year rates and expected future short rates is generally seen by 
investors in a range of 100 to 150 basis points. As we saw earlier, it does not seem to have moved 
much in the past 20 years. The actual difference, i.e., the “embedded” risk premium, has a more 
volatile history, in line with what we have already described for short-term risk premia and the 
expected convergence process. Until the years 2004-2005, there are little signs of a structural 
difference between the “embedded” risk premium and its level considered as normal by investors. The 
short-term risk premia have probably turned negative since the early 2000s, but “fundamentalist” 
investors did not spot the structural break. When rates fell below the level considered as normal, they 
took short tactical positions and maintained 10-year rates at an artificially relatively high level. Then 
came Greenspan’s conundrum: fundamentalists started to question their models and a significant gap 
appeared between the “embedded” risk premium and what was considered as normal at the time. 
Obviously, this was creating a sort of vicious circle: the more people lost confidence in their 
fundamentalist models, the larger was the gap between the “embedded” risk premium and the 
supposed normal level. And as a result, this was amplifying the crisis of confidence. Yet, as described 
before, the final reckoning was avoided at the time by the roaring economy. Long-term rates moved 
higher thanks to a much tighter monetary policy, and, by luck, short fundamentalist investors saved a 

 
(2005) the “yield premium”. We prefer the name “embedded risk premium” because it can be used for all asset 
classes while “term premium” seems to imply that it is a concept specific to the bond market. Moreover, the 
term “embedded” risk premium underlines the fact that it is not really a risk premium required by a specific class 
of investors. There are probably no or almost no investors with a 10-year tactical horizon making a long-term 
arbitrage between 10-year Treasuries and rolling T-Bills. For all asset classes, these “embedded” risk premia 
result from the complex working of financial markets and fragile expectations play a major role.  
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bit of their credibility. The next big move in the embedded risk premium came with Quantitative 
Easing50. In some way, QE provided the perfect excuse for fundamentalists to change their views on 
risk premia and delayed by many years the expected return to “normal”. Thus the “embedded” risk 
premia hovered for many years around 0, and nobody spoke of a new conundrum, as the distortive 
policies of central banks seemed to provide the perfect explanation for this perceived anomaly. Yet, 
the “normal” embedded risk premium has continued to exercise its appeal to fundamentalist investors 
from time to time. On several occasions, they reinstated their shorts and for a time pushed long rates 
upwards (2013, in the context of the “taper tantrum”, in 2017-2018 when the Fed raised short-rates 
and in the winter 2020-2021). 

It is important to stress that these estimates of the embedded risk premia, while interesting, are not 
the main output of our model. Indeed, once a year, one does not even need a model to have a 
reasonable estimate of the embedded risk premia as the SPF survey provides the view of 
economists/investors on the likely path for short rates over the coming 10 years. The embedded risk 
premium is mainly the difference between the observed 10-year rates and these long-term forecasts. 
The main value-added of our model is to describe how these embedded risk premia result from the 
risk premia expected at different horizons, i.e., to estimate our three key variables (the current 
“tactical” risk premium, the expected equilibrium risk premium and the expected risk premium in three 
years).  

Other authors have published estimates of the embedded risk premia without providing details on this 
underlying profile. Yet, it is interesting to compare their results with what we found in Figure 22. 
Cohen, Hördahl and Xia (2018) used some benchmark models to estimate the embedded risk premia 
and provided the following Figure to compare the outputs.  

Figure 23: The “embedded” risk premium (10-year discount bond) according to Cohen et al. (2018).

                  
Sources mentioned by Cohen et al. (2018): Adrian et al. (2013); Hördahl and Tristani (2014); Kim and Wright 
(2005); Federal Reserve Bank of Philadelphia; authors’ calculations. 

 
50 There is a peak of the embedded risk premium in the fall of 2008. Yet, this is an aberration due to the dislocation 
of markets in the aftermath of Lehman Brothers’ failure. There was a sharp increase in the illiquidity premium 
on off-the-run treasuries. Thus, long-term discount rates estimated by the GSW, based on off-the-run treasuries, 
were abnormally high.  
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First of all, we can verify that the direct annual SPF estimates that we have just mentioned are 
unsurprisingly very close to our own estimates. Second, the model of Kim and Wright (2005) also 
produces very similar results. The reason is that there is not a lot of information available in the yield 
curve alone to separate short rates and risk premium expectations. As soon as the SPF variable is 
introduced, the estimated risk premia almost align with the SPF results. This is true for our model as 
well as for the model of Kim and Wright. Third, Adrian, Crump. Third, Adrian, Crump and Moench 
(2013) also illustrate in some way the missing information in the yield curve. Their estimates of 
expected short rates and embedded risk premia, based solely on observed rates, seem far too far from 
what experts responded to SPF surveys to be credible. Finally, by introducing both surveys and 
macroeconomic variables, Hördahl and Tristani (2014) provide estimates of the embedded risk premia 
that are both plausible and somewhat different from the SPF mechanical extraction.  Thus, it is possible 
that adding macroeconomic information helps to correct certain biases in the surveys, in particular the 
fact that people give their most likely scenario rather than the average scenario priced into the market. 
This is still an open question.   

4/ The chaotic pricing of risk in markets with heterogenous agents and asymmetric information. 

The behavior of the Treasuries market over the last decades illustrates a more general phenomenon. 
“Fundamentalist” investors sometimes miss some lasting breaks in risk premia and the resulting 
adjustment process to the new reality can become rather chaotic. The big advantage of the Treasuries 
market is that it seems possible to extract expected risk premia at various horizon in a much more 
robust way than for other markets, and then document this adjustment process in a relatively precise 
way.  

In this section, we will ask ourselves three key questions. Without a comprehensive model like the one 
built for Treasuries, is it possible to find signs of this type of mispricing? In other words, from a 
theoretical perspective, how do you retrospectively identify the markets where this kind of subtle 
mispricing might have played a role? The second question arises from the first: Empirically, what other 
examples support the idea that this is not a rare situation? Finally, why do fundamentalist investors 
often seem to miss structural breaks in risk premia? 
 
What are the signs of this type of mispricing? 
 
The first point to note is that in financial markets, predictions seem largely self-fulfilling. If investors 
trust a fundamental model with flawed risk premia, they will buy or sell assets when the current prices 
diverge from the model’s estimates, and thus prices should not diverge from their “normal” levels. 
With self-fulfilling expectations, it seems that there should be no “conundrum”, no signal in prices that 
something is getting wrong… 

But this approach of market efficiency is a bit misleading. And the reason is well explained by Grossman 
and Stiglitz (1980) in their seminal paper: there is no miracle efficiency in financial markets and 
fundamentalist arbitrageurs must be paid for their activities. And this is true even if they are wrong! 
To understand the problem, let’s go back to the situation we have described in the US Treasuries 
market. The strategic demand for Treasuries is probably stronger than the available supply. Thus, the 
market finds its equilibrium only thanks to negative risk premia and investors accepting to be short 
their strategic duration. Thanks to these short tactical positions, observed rates should not be too far 
from the rates considered as normal by fundamentalists. But obviously, they cannot be exactly at the 
right (or rather wrong…) level, because if it was the case, investors would have no reason to put in 
place these large tactical positions. Grossman and Stiglitz brilliantly explained that it was impossible to 
have “informationally efficient markets” because arbitrageurs must be paid. But as far as the pricing 
of risk is concerned, it is for the same reason impossible to have totally inefficient markets in which 
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wrong expectations about risk premia would be mechanically self-fulfilling! Misled arbitrageurs also 
require to be paid…  

Thus, the fundamental equation 

(2bis)  𝑟𝑟𝑇𝑇(𝑡𝑡) =
�∫ 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑢𝑢+𝑡𝑡))𝑇𝑇
0 𝑑𝑑𝑢𝑢�
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+
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where only expected risk premia play a role has to be completed. Current prices also reflect the (good 
or bad) work of arbitrageurs and the remuneration they require to put in place their tactical positions. 
In other words, the true tactical risk premia should also be partly reflected in prices.  

We show in annex C how to introduce the tactical horizon of investors and the true risk premia they 
require. The bottom line is that if the pricing of risk is inaccurate, investors will durably face prices that 
they will consider puzzling. The current price will reflect an average of the “true” risk premium between 
0 et date H (the tactical horizon), and the expected “normal” thereafter. As a result, the “embedded” 
risk premium will slightly diverge from the risk premium considered as normal by fundamentalists 
investors. The signal is generally rather weak, except when the discrepancies between the actual risk 
premia and the supposed “normal” risk premia are very large. Indeed, we have already noted that this 
was the situation in 2005, when Alan Greenspan made his “conundrum” speech.  

Obviously, this discrepancy between the observed prices and the prices expected on the basis of a 
(somewhat naïve) fundamentalist analysis is not enough to conclude that fundamentalists are wrong. 
The “conundrum” may have other explications. The most likely alternative is “irrational exuberance” 
to use another key expression introduced by Alan Greenspan. Part of the market may have irrational 
expectations about future prices and drive current valuations away from what is considered normal. 

But there is a clear way to identify where we stand: the use of surveys. In this type of situation, the 
most effective way to resolve ambiguity is to use investor position surveys51. In an expensive market 
driven by “irrational exuberance”, investors have long tactical positions. The prices are high, and 
investors are on average overexposed. But in markets characterized by fundamentalists’ mistakes, the 
opposite is true. The prices are apparently high (and they should be even higher!), but most tactical 
positions are short: investors listen to their fundamentalist advisers and sell the market they see as 
overvalued. It is what we have observed most of the time in the US Treasuries market during the last 
two decades: prices were considered high (i.e., rates were judged too low), and investors cut tactically 
the duration of their portfolios. There was no irrational exuberance! Clearly, surveys on expectations, 
like the SPF and CF surveys we used, also bring some useful information. They have both advantages 
and drawbacks relative to surveys on positions. The advantage is that they may allow to quantify the 
mispricing as they can be used to calculate the true tactical risk premia required by investors. But they 
are subject to the bias we have mentioned (especially the problem of the difference between the most 
likely scenario and the average outcome). Thus, when possible, the best solution is to analyze 
conjointly the results of surveys on positions and expectations.         

Using smartly these two sorts of surveys (on expectations and positions) is indeed the basis of the 
“contrarian” method of investing: if, according to available surveys, it appears that most investors are 
abnormally optimistic, the “contrarian” will sell the asset under consideration. It is often a recipe to 
success and the discrepancy may indicate a mispricing that will be corrected in the future52. 

 
51 One of the most highly regarded by investors in the monthly Bank of America survey.  
52 Of course, there is nothing mechanical here. The contrarian view makes sense only If this abnormal risk 
premium is not fully priced, i.e., if markets are not abnormally cheap. The core argument of this paper is that this 
sort of mispricing prevails. Indeed, Greenwood and Shleifer (2014) showed that when investors in equities 
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Contrarians may play a useful role in markets, but it is important to note that they do not suppress the 
need for better fundamentalists. They may benefit from inaccurate fundamental analysis, but they 
don’t really provide a stabilizing force. They have no idea where the right prices really stand. They 
impose losses to the wrong-footed fundamentalists, but once the latter have capitulated, the 
contrarians do not provide any alternative stabilizing force. They are a bit like the famous canary in the 
coal mine. They may be useful to provide a signal when gas is leaking. Yet, if no emergency exit has 
been planned in the coal mine, the panic and the rush to the exit can be deadly…53 

Have we seen any examples of this kind of mispricing in other markets? 
 
Thus, it would be interesting to establish a typology of all the situations where most observers 
(analysts, journalists) were intrigued by the prices they observed and believed, rightly or wrongly, that 
the markets were not reflecting fundamental values. What do we know about the tactical positions 
during each of these episodes? Were they long or short?   
 
In our view, there are many examples of situations where examination of positions points to errors 
made by fundamentalists. We will only briefly mention two interesting historical precedents: the US 
stock market in the mid-90s and the dollar in the early 80s. We chose the second because at that time 
the “battle” between fundamentalists and other types of investors has been well documented in the 
literature. 
 
Almost 10 years before his “bond conundrum” speech, Alan Greenspan already spotted publicly a 
puzzling situation in US financial markets. In December 1996, in a famous speech, he pointed out that 
asset prices may have been driven by “irrational exuberance” to abnormal and dangerous levels: 
 
“Clearly, sustained low inflation implies less uncertainty about the future, and lower risk premiums 
imply higher prices of stocks and other earning assets. We can see that in the inverse relationship 
exhibited by price/earnings ratios and the rate of inflation in the past. But how do we know when 
irrational exuberance has unduly escalated asset values, which then become subject to unexpected 
and prolonged contractions as they have in Japan over the past decade?”54 
 
In this speech, he clearly recognized that it is always difficult to identify what is driving asset prices 
towards puzzling levels: the response to a structural break in risk premia or the irrational behavior of 
some investors? Yet, everyone who listened his speech at that time understood that he has made his 
mind and that he wanted to send a strong warning signal. But was he right?  
 
Well, the US stock market more than doubled in value in the following three years after his speech and 
never fell below the December 1996 level during the recurrent financial crises that followed (see Figure 
24).  
  

 
markets are overly optimistic, markets are generally expensive, not cheap. This probably explains what the 
contrarian way of investing is particularly popular with professional equity investors.       
53 Let us be clear that we do not believe that contrarians are only here to be the canaries in the coalmine betting 
against wrong fundamentalists…. They may also bet against large positions taken by irrational extrapolative 
investors.  
54“The Challenge of Central Banking in a Democratic Society”, remarks at The American Enterprise Institute for 
Public Policy Research, December 5, 1996. 
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Figure 24: The S&P500 index since Greenspan’s irrational exuberance speech.       

 
 
In fact, many signals at that time indicated a reduction in risk premia greater than what most 
fundamentalists assumed. Alan Greenspan was not the only one to be bearish, the vast majority of 
fundamentalist analysts advised to underweight stocks in the face of these observed high valuations. 
In our opinion, this was a clear episode of mainstream fundamentalists underestimating a key 
structural change55, to the impressive benefit of contrarian investors.   
 
Obviously, this analysis does not extend to the years that followed. Tactical positions that were 
probably shorts in 1996 when Alan Greenspan spoke became massively long in 1999 and 2000 at the 
peak of the market! At some stage, wrong-footed fundamentalist investors capitulated, and irrational 
investors, encouraged by the trend, became the dominant force. The US stock market reached an 
unstainable level at the end of the 90s. Smart contrarians made money in 1996 betting against naïve 
fundamentalists and again in 1999-2000 betting this time against the crowd of irrational investors 
surfing the “new economy” bubble…  
 
What this episode also shows is that there is a dangerous feedback loop between the two sources of 
vulnerability in asset pricing: fundamentalist investors’ flawed view of risk premia and the tendency of 
many non-fundamentalists to extrapolate the trends. The mistakes of the fundamentalist approach 
may encourage investors to adopt a simpler extrapolative approach. Indeed, this is something that has 
been well documented in the second historical episode we chose to briefly discuss.  
 
Studying the sharp appreciation of the dollar in the years 1981-1985. Frankel and Froot (1990) used an 
Euromoney survey of foreign exchange forecasting firms to show that during that period the use of 
fundamentalist models almost disappear (see next table). Frankel and Froot (1990) generally took a 
negative view of chartists and mainly attributed the defeat of fundamentalists to bad luck. There was 
an unexpected sharp increase in US real interest rates in the early 80s, fundamentalists were wrong 
footed and “this shift (to technical methods) was a natural Bayesian response to the inferior forecasting 
record of the former group, as their forecasts of dollar depreciation continued to be proven wrong 
month after month”.  

 
55 This structural break in risk premia was not only due to the structural lower inflation mentioned by Alan 
Greenspan. There was also in the 90s a structural “strategic” increase in the demand for equities from pension 
funds.  
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Source: Frankel and Froot (1990).   

Bad luck was maybe part of the story, but Davanne (1990) using survey data from Frankel and Froot 
(1987) argued that there had been a very significant break of risk premia in favor of the dollar in the 
early 80s. This was related to a strong demand for US dollar assets from institutional investors 
worldwide in the context of looser exchange rate controls in many countries.  Fundamentalist investors 
missed this change in risk premia and their defeat, “as their forecasts of dollar depreciation continued 
to be proven wrong month after month”, was probably not only the result of bad luck56.  

As for the US equities in the mid-90s, the two signs that fundamentalists were missing something were 
present in the FX market in the first phase of the dollar ascension: the observed prices were puzzling 
(an abnormally strong dollar) and this situation could not be explained initially by extrapolative “noise 
traders”. In the first phase, investors had pessimistic expectations regarding the dollar and their 
tactical positions were probably short as fundamentalists were still dominant (see the above table 
published by Frankel and Froot (1990)).  

And as for US the equity market in the late 90s, the rest of the story was rather chaotic.  Fundamentalist 
investors lost the control of the market and there was in 1985 what, in their jargon, traders and fund 
managers often call a “melt-up”: a final brutal acceleration of the uptrend before a trend reversal. 

Thus, when risk premia are changing, markets adjustment can be rather chaotic with a complex game 
played between various investment techniques. For the time being, the US Treasuries market seem to 
have avoided the worst of this kind of messy adjustment process. Indeed, we have argued that QE has 
played a rather strange face-saving role. Forgetting all the signals that started to appear in the early 
2000s, investors may still believe that everything will come back to normal in the future when central 
banks reduce the size of their balance sheet.  
 
  

 
56 And this also shed a more positive light on “chartists” that may act rationally to exploit the trends created by 
wrong-footed fundamentalists. In fact, we must make a distinction between the professional chartists that are 
very vigilant to check the robustness of trends and purely extrapolative irrational investors.  
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Why do fundamentalist investors miss these structural breaks in risk premia? 
 
All these observations lead to a fundamental question: why expectations for future risk premia seem 
often so inadequate? We have precisely documented the bias in the US treasury market, and we have 
argued that there are many signs of similar problems in other asset classes.  

Unfortunately, the academic literature does not offer any clear answer to this question.  In a 
contribution to a panel of leading academics on the “perspectives on the future of asset pricing”, Nagel 
(2021) made a particularly important observation:  

« Beliefs are central to asset pricing. Asset prices are forward-looking, and essentially any asset-pricing 
model implies that investors price assets based on their beliefs about the joint distribution of some 
stochastic discount factor (SDF) Mt+1 and payoffs Xt+1. An observer outside the field of asset pricing 
might therefore guess that a major part of the research efforts in asset pricing are devoted to 
understanding how investors form beliefs. This is, at least so far, not the case.  

 The vast majority of theoretical and empirical work in asset pricing is based on the rational 
expectations (RE) paradigm. Under RE, as in Lucas (1978), investors are assumed to know the 
economy’s underlying model and the model parameters, and to forecast rationally. Within the RE 
paradigm, there is no role for the study of beliefs ». 

The academic literature seems silent on our key interrogation. Yet, at the origin of this phenomenon 
is probably an insufficient attention to the variability of risk premia among market professionals. There 
is often the view that there is some sort of normal remuneration of various risk factors, that risk premia 
converge relatively quickly towards this equilibrium and that historically observed excess returns on 
various asset classes could inform on these “normal “risk premia. But, in the government bond market 
as in most of the other markets, this is wrong at all levels: for many reasons, risk premia may change 
structurally and as a result the past is a very imperfect guide to the future.  

In defense for investors, they face a clear problem of asymmetric information to identify these lasting 
breaks in risk premia. We are not in the ideal world of the “representative agent” so often assumed in 
the academic literature. Each investor knows its own tactical asset allocation and the risk premia that 
underpin it but ignores where other investors stand. At any point in time, the current risk premia are 
key but hidden variables. There are unfortunately no available timeseries on current risk premia that 
investors (or academics) can use to improve their understanding of the dynamics at play. The academic 
literature emphasizes asymmetric information as a real obstacle to the right pricing of credit risk (i.e., 
fixing the excess return required to compensate for the risk of borrower default), but it is clear that 
this is also a significant obstacle to the correct pricing of the market risks discussed in this paper. 

Yet we would not go so far as to view this very real problem of information asymmetry as a 
fundamental and irreducible market failure. Surveys exist and, as our model proves, can already been 
used despite some of their drawbacks to shed light on the dynamic of risk premia. Moreover, key 
players like the few (US) investment banks that dominate the markets have a good knowledge of what 
other investors are doing and one can ever assume that part of their historical strong returns was due 
to this information advantage57. It is clear that this information gathering could and should be greatly 

 
57 It is interesting to note that Shleifer and Summers (1990) seem to consider all this collection of information as 
a sign that irrational noise traders move markets: «Market professionals spend considerable resources tracking 
price trends, volume, short interest, odd lot volume, investor sentiment indexes and numerous other gauges of 
demand for equities. Tracking these possible indicators of demand makes no sense if prices responded only to 
fundamental news and not to investor demand. They make perfect sense, in contrast, in a world where investor 
sentiment moves prices and so predicting changes in this sentiment pays. The prevalence of investment 
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improved for the benefit of society as a whole through better surveys and, more generally, more 
transparent markets (see Davanne (1999) for a discussion of how transparency helps, or not, the 
pricing of various classes of risks).  

But the core of the problem is not this fundamental “asymmetric information” market failure. It is 
more about a conceptual (temporary?) failure: the under-estimation by fundamentalist investors of 
the lasting changes in risk premia required by investors. And the good news is that these flawed 
assumptions can be easily corrected. Without any big public intervention, investors may start spending 
more time discussing together some reasonable paths for future risk premia. Indeed, a key first step 
would be a better understanding of the different notions of risk premia, and of the fundamental 
differences between tactical risk premia, equilibrium risk premia and “embedded” risk premia. A 
better world is possible… 

Conclusion  

We would like to finish with a few words at a more practical level: on the yield curve model itself and 
the ways to improve it.  

We believe that this type of model could be very useful for both investors, public debt managers and 
the central banks. For the former, the model may provide a considerable help to manage tactical 
positions. The model extracts the full set of expectations underlying the current prices. An investor 
should confront its own expectations with the consensus view extracted from the yield curve and the 
surveys. An investor who has a different set of expectations on the profile of future short rates or 
expected risk premia may use the model to identify precisely the best and safest way to play on the 
yield curve its own views. As far as public debt managers are concerned, the model may help them 
find the best way to reduce the cost of the debt while controlling their risks. The model describes 
where the risk premia are negative (I.e., the US Treasury is paid to lengthen the maturity of the debt 
and reduce its risks!) and where they are positive. Finally, the central banks may be interested to better 
know the short-rates path expected by investors to check the effectiveness of its communication.   

This version of the model is a good starting point for all these potential users, but several 
improvements could be done:  

- We used two well-done surveys with a long history to estimate our model. Yet, there are some 
other surveys (not available for free) used in the literature. For example, Bluechip Financial 
Forecasts, used among other by Piazzesi et al. (2015) and Cochrane and Piazzesi (2008), may 
provide some complementary useful information as people are questioned about more points 
in the yield curve: they must give their forecasts not only for 3-month and 10-year rates, but 
also for many other maturities. An interesting point is that investors give their forecasts for 
ultra-long 30-year rates and that may allow to test whether there are some specific risk premia 
at the very long end of the yield curve.  

- More generally, the rich information available in surveys, used by contrarian investors and our 
model, could be better extracted. As already discussed, there are two types of noise which 
pollute somewhat the reading of risk premia. Firstly, there is a problem of synchronicity: when 
rates move sharply, with or without new information, answers to the surveys lag a bit behind 
the true real-time view of investors. As we have daily data on rates, it would be possible to 

 
strategies based on indicators of demand in financial markets suggests the recognition by arbitrageurs of the role 
of demand ». It is true that part of this collection of information is probably used to bet against irrational 
investors. But the story does not end here: risk premia are some of the most important fundamental variables, 
and tracking them and investors’ positions is, or should be, an important part of the arbitrageur/fundamentalist 
job.   
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estimate precisely this kind of lag and correct the surveys’ answer on the basis of the recent 
changes in interest rates. Secondly, answers to surveys are probably based on the most likely 
outcome and not the average expected scenario. As explained several times, the measures of 
risk premia are biased when expectations are skewed with some sort of tail risk. This could be 
corrected by introducing options prices as observable variables. Out-of-the-money calls and 
puts prices give some indication on the skewness of expectations. Moreover, trying to improve 
the pricing of options with a better description of the dynamics of the underlying assets can 
be a goal in itself. 

- But the most important potential improvement is beyond our reach. Like Cochrane and 
Piazzesi (2008), we are convinced that the Svensson methodology used by GSW (2007) to 
estimate zero coupon rates destroys some of the information available in the raw data. We 
urge the Fed and the ECB to try more flexible formulations (like the one proposed in equation 
(20)) to produce the data that is widely used by researchers around the world. 

The main weakness of the current version is the relatively simple affine relationship between the risk 
premium on any bond of duration D and the risk premium on a 10-year bond. To keep the model 
simple, we do not assume that the monetary policy risk premium varies, as it certainly does, and we 
do not introduce any specific risk premia at the very long end of the curve (and it is why our model 
uses only rates up to 15 years and does not try to describe 20-year and 30-year rates). With better 
zero-coupon rates based on an improved methodology and with more and better exploited surveys, it 
is probably possible to do much better. Thus, we have no doubt that the extraction of our 7 key 
variables can be greatly improved. But we doubt very much that it will change the whole story based 
on fundamentalists mistakes and a complex game being played between fundamentalists, contrarians 
and chartists. 

Finally, it would be obviously interesting to try to document and quantify the same kind of mechanisms 
in other asset classes. A similar model extracting the key variables (expected payoffs, expected risk 
premia at various horizons) would of course be of considerable interest for equities. Even more than 
for Treasuries, investors would love to know what expectations (if any…) of future profits and future 
risk premia hide behind the thousands of observable stock prices!  

It is certainly possible to build a model in the same spirit, even if the analytics are more complicated 
with three key set of time-varying variables (profits, short-term interest rates and risk premia) rather 
than simply two for the treasuries (short-term interest rates and risk premia).  

First the good news: to extract the information on risk premia, there are thousands of individual stocks 
with different prices while to estimate our model the yield curve was much less rich in information. 
Moreover, there is something specific to equities: the existence of futures based on dividends that 
may help to differentiate shocks related to risk premia and profits. And surveys on analysts’ 
expectations have a long history and incredibly rich database exist (managed by Refinitiv in particular).  

Finally, in principle some of the difficulties we have encountered with bonds should not exist for 
equities. We have seen that it is not so easy to define the relations between risk premia of bonds of 
various durations. The introduction of a monetary policy risk premium complicated the relation. And 
for very long-term bonds excluded at this stage from our model, there is probably the need for some 
specific risk premium correction. For various equities, the theory seems more straightforward, based 
on the CAPM and the key role played by various equities’ Betas.  Thus, it could be rather easy to write 
a model where the market risk premium depends on three factors as in our yield curve model (the 
current risk premium, the long-term equilibrium risk premium and the risk premium expected in three 
years) and the risk premium on each individual stock depends on the market risk premium adjusted by 
Betas, at least as a reasonable first approximation.       
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Yet, despite all these potential advantages (an incredibly rich database on prices and expectations and 
a well-established theory for a first-order reasonable approximation on relative pricing), there is 
probably one specific and large difficulty with equities: this is probably a very inefficient market not 
well suited for the econometric estimation of any model strictly based on no-arbitrage constraints!  

One key result of our model was that the Treasuries market was probably both technically efficient 
and strategically inefficient. By technically efficient, we mean that once investors have formed a view 
on the future path of short-term rates and on the expected profile of the duration risk premium, the 
cross pricing of bonds of different maturities was probably broadly coherent. If the future is set to 
follow the expected path, there is probably not much money to be done by playing some maturities 
against other. Indeed, our seven key variables have a reasonable profile at any point in time and seem 
able to explain rather well in a no-arbitrage model the price of bonds of various durations. This 
apparent technical efficiency in the relative pricing of securities – despite some doubts on the pricing 
of long-term forwards when markets are volatile - should not be a surprise considering all the work 
made by academics and investment banks over the last decades in the building of yield curve models. 
But this technical success hides in our view a fundamental inefficiency in the aggregate pricing of risk. 
The long-term equilibrium risk premium expected by investors has probably been wrong for a least 
two decades!  

We fear that equities mix an even worse fundamental inefficiency about the aggregate pricing of risk 
(see our discussion of what happened in the late 90s) with much less efficiency in the relative pricing 
of various securities. We often see some extremely large changes in relative pricing between some 
categories of equities (“growth” vs “value” or “defensive” vs “cyclical”) with little published new 
fundamental information. Observers speak of “portfolio rotation”. On the aggregate pricing of risks, 
Greenwood and Shleifer (2014) wrote that “the evidence (on investor expectations) is not consistent 
with rational expectations representative investor models of returns” and we should add about 
technical efficiency that no fundamental model based on arbitrage can make sense of these days 
without published information when part of the stock market is rising strongly while another section 
is falling! Indeed, there is no equivalent in the “technically efficient” Treasuries market. Despite the 
instable pricing process, there is generally some sort of “inside” coherence: for fundamental or 
“technical” reasons, rates tend to rise or fall together. And the different magnitude of movements 
along the yield curve is generally explained fairly well by the specific origin of the shock (expected short 
rates or risk premia). 

It is plausible that the bond market, dominated by professional investors, is much more efficient than 
the stock market where the participation of retail investors is more important. Thus, to the subtle 
inefficiencies highlighted by this paper, the stock market probably adds to a large extent the more 
traditional irrationalities associated in the literature with “noise trading” and “irrational exuberance”. 

Our model provides some key insights on how markets price risks. But much remains to be discovered 
and the big prize would be a better understanding of the strange stock market dynamics.   
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Annex A 

Factors loading and other key formulas of the model.  

1/ The interpolation methodology.  

Our 7 latent variables describe expected short rates and risk premia at key horizons. We need an 
interpolation methodology to extract the expected value of these variables at other horizons.  

Let’s start with short rates.  

As explained in the main text, we assume that short rate expectations follow this Nelson-Siegel inspired 
flexible formulation:  

(A1) 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑠𝑠)) = 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) + (𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡) + 𝑐𝑐(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡)2) 𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡) 

The parameter a(t), b(t) and c(t) are constrained by the value of  𝒓𝒓𝟎𝟎 (𝒕𝒕),𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (𝒕𝒕 +
𝟏𝟏)) 𝒂𝒂𝒂𝒂𝒅𝒅  𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (𝒕𝒕 + 𝟑𝟑)).  To simplify the expressions, in the following equations,  we call these 
variables r0, r1, r3 and  𝑟𝑟∞ for 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)). We have the relations:   

  𝑟𝑟0 = 𝑟𝑟∞ + 𝑎𝑎(𝑡𝑡)  

𝑟𝑟1 =   𝑟𝑟∞ + (𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡) + 𝑐𝑐(𝑡𝑡)) 𝑒𝑒−𝜉𝜉𝑋𝑋  

 𝑟𝑟3 =   𝑟𝑟∞  + (𝑎𝑎(𝑡𝑡) + 3 𝑏𝑏(𝑡𝑡) + 9 𝑐𝑐(𝑡𝑡)) 𝑒𝑒−3𝜉𝜉𝑋𝑋  

If we solve this linear system, we find:  

𝑎𝑎(𝑡𝑡) =  𝑟𝑟0-  𝑟𝑟∞ 

𝑏𝑏(𝑡𝑡) = �9( 𝑟𝑟1 −  𝑟𝑟∞)𝑒𝑒𝜉𝜉𝑋𝑋 − (𝑟𝑟3 −  𝑟𝑟∞)𝑒𝑒3𝜉𝜉𝑋𝑋 + 8(𝑟𝑟∞ −  𝑟𝑟0)�/6 

𝑐𝑐(𝑡𝑡) = �(𝑟𝑟3 −  𝑟𝑟∞)𝑒𝑒3𝜉𝜉𝑋𝑋 − 2 (𝑟𝑟∞ −  𝑟𝑟0) − 3 ( 𝑟𝑟1 −  𝑟𝑟∞)𝑒𝑒𝜉𝜉𝑋𝑋)�/6 

If we replace a(t), b(t), c(t) by these values in equation A1, and rearrange all the terms, we find the 
following linear interpolation: 

(A1bis) 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑠𝑠)) = 𝒓𝒓𝟎𝟎 (𝒕𝒕) 𝐴𝐴(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (𝒕𝒕 + 𝟏𝟏)) 𝐵𝐵(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (𝒕𝒕 + 𝟑𝟑)) 𝐶𝐶(𝑠𝑠 − 𝑡𝑡) +
𝑬𝑬𝒕𝒕(𝒓𝒓𝟎𝟎 (+∞)) 𝐷𝐷(𝑠𝑠 − 𝑡𝑡) 

With the following parameters: 

 

     𝐴𝐴(𝑠𝑠 − 𝑡𝑡) = 1
3
𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡)(𝑠𝑠 − 𝑡𝑡 − 1)(𝑠𝑠 − 𝑡𝑡 − 3)  

𝐵𝐵(𝑠𝑠 − 𝑡𝑡) =
3
2
𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡−1)(𝑠𝑠 − 𝑡𝑡)(1 − (𝑠𝑠 − 𝑡𝑡)/3) 

    𝐶𝐶(𝑠𝑠 − 𝑡𝑡) = 1
6
𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡−3)(s − t)(s − t − 1)  

𝐷𝐷(𝑠𝑠 − 𝑡𝑡) = 1 −  𝐴𝐴(𝑠𝑠 − 𝑡𝑡) − 𝐵𝐵(𝑠𝑠 − 𝑡𝑡) − 𝐶𝐶(𝑠𝑠 − 𝑡𝑡) 

Or  
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𝐷𝐷(𝑠𝑠 − 𝑡𝑡) = 1 + 𝑒𝑒−𝜉𝜉𝑋𝑋(𝑠𝑠−𝑡𝑡) �−1 +
𝑠𝑠 − 𝑡𝑡

6
�8 +  𝑒𝑒3𝜉𝜉𝑋𝑋 − 9 𝑒𝑒𝜉𝜉𝑋𝑋� +

(𝑠𝑠 − 𝑡𝑡)2

6
�−2 −  𝑒𝑒3𝜉𝜉𝑋𝑋 + 3 𝑒𝑒𝜉𝜉𝑋𝑋�� 

 

The interpolation for the duration risk premium on a 10-year rate follows the same approach, but with 
less degrees of freedom. We suppose that: 

(A2) 𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑠𝑠)� = 𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� + (𝑎𝑎′(𝑡𝑡) + 𝑏𝑏′(𝑡𝑡)(𝑠𝑠 − 𝑡𝑡)) 𝑒𝑒−𝜉𝜉𝑌𝑌(𝑠𝑠−𝑡𝑡) 

The parameters a’(t) and b’(t) are constrained by the value of  𝜋𝜋(10, 𝑡𝑡) 𝑎𝑎𝑎𝑎𝑑𝑑 𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + 3)�.  To 
simplify the expressions, in the following equations,  we call these variables π0, π3 and  𝜋𝜋∞ for 
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)�. We have the relations:   

  𝜋𝜋0 = 𝜋𝜋∞ + 𝑎𝑎′(𝑡𝑡)  

𝜋𝜋3 =   𝜋𝜋∞ + (𝑎𝑎′(𝑡𝑡) + 3 𝑏𝑏′(𝑡𝑡)) 𝑒𝑒−3 𝜉𝜉𝑌𝑌  

If we solve this linear system, we find:  

𝑎𝑎′(𝑡𝑡) = 𝜋𝜋0 − 𝜋𝜋∞ 

𝑏𝑏′(𝑡𝑡) = ((𝜋𝜋3 − 𝜋𝜋∞)𝑒𝑒3𝜉𝜉
𝑌𝑌 + 𝜋𝜋∞ − 𝜋𝜋0)/3 

If we replace a’(t) and b’(t) by these values in equation A2, and rearrange all the terms, we find the 
following linear interpolation: 

(A2bis) 𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑠𝑠)� = 𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕) 𝐴𝐴′(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕 + 𝟑𝟑)� 𝐵𝐵′(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, +∞)� 𝐶𝐶′(𝑠𝑠 − 𝑡𝑡) 

 

With the following parameters: 

𝐴𝐴′(𝑠𝑠 − 𝑡𝑡) = 𝑒𝑒−𝜉𝜉𝑌𝑌(𝑠𝑠−𝑡𝑡)(1 − 𝑠𝑠−𝑡𝑡
3

)  

𝐵𝐵′(𝑠𝑠 − 𝑡𝑡) = 𝑒𝑒−𝜉𝜉𝑌𝑌(𝑠𝑠−𝑡𝑡−3)(𝑠𝑠 − 𝑡𝑡)/3 

𝐶𝐶′(𝑠𝑠−𝑡𝑡) = 1 −  𝐴𝐴′(𝑠𝑠 − 𝑡𝑡) − 𝐵𝐵′(𝑠𝑠 − 𝑡𝑡) 

               𝐶𝐶′(𝑠𝑠 − 𝑡𝑡) = 1 + 𝑒𝑒−𝜉𝜉𝑌𝑌(𝑠𝑠−𝑡𝑡)�−1 + (𝑠𝑠 − 𝑡𝑡)(1 − 𝑒𝑒3𝜉𝜉𝑌𝑌)/3�  

For bonds of maturities other than 10 years, we have to take into account the monetary policy risk 
premia (that we’ll specify a bit later in this annex) and the relation was given in the main text:  

𝐸𝐸𝑡𝑡�𝜋𝜋(𝐷𝐷, 𝑠𝑠)� = 𝐷𝐷 
𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑠𝑠)� −  𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)

10
+ 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝐷𝐷) 

𝐸𝐸𝑡𝑡�𝜋𝜋(𝐷𝐷, 𝑠𝑠)� =
𝐷𝐷
10

�𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕) 𝐴𝐴′(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕 + 𝟑𝟑)� 𝐵𝐵′(𝑠𝑠 − 𝑡𝑡) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, +∞)� 𝐶𝐶′(𝑠𝑠 − 𝑡𝑡)�

+ �𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝐷𝐷) −
𝐷𝐷
10

𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)� 
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2/ The factors loading.  

According to equation (2), observed interest rates are average of the expected future short rates and 
risk premia. Thus, in order to establish how interest rates depend on our key variables, it is necessary 
to integrate over time the terms A(s-t), B(s-t), C(s-t), D(s-t), A’(s-t), B’(s-t) and C’(s-t).  

It’s a bit time consuming but entirely feasible since these parameters only combine terms like 𝑒𝑒−𝜉𝜉 𝑢𝑢, 

𝑢𝑢 𝑒𝑒−𝜉𝜉 𝑢𝑢, 𝑢𝑢2𝑒𝑒−𝜉𝜉 𝑢𝑢 that have analytical primitives.   

We have:  

�∫ 𝑒𝑒−𝜉𝜉𝑡𝑡𝑇𝑇
0  𝑑𝑑𝑡𝑡�

𝑇𝑇
=
�𝑒𝑒

−𝜉𝜉𝑡𝑡

−𝜉𝜉 �0

𝑇𝑇

𝑇𝑇
=

1 − 𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉𝑇𝑇
 

= 𝐼𝐼1(𝜉𝜉,𝑇𝑇) 

  

∫ 𝑡𝑡𝑒𝑒−𝜉𝜉𝑡𝑡𝑇𝑇
0  𝑑𝑑𝑡𝑡

𝑇𝑇
=
�𝑡𝑡𝑒𝑒

−𝜉𝜉𝑡𝑡

−𝜉𝜉 �
0

𝑇𝑇

+ ∫ 𝑒𝑒−𝜉𝜉𝑡𝑡
𝜉𝜉

𝑇𝑇
0  𝑑𝑑𝑡𝑡

𝑇𝑇
=
−𝑇𝑇𝑒𝑒

−𝜉𝜉𝑇𝑇

𝜉𝜉 + �𝑒𝑒
−𝜉𝜉𝑡𝑡

−𝜉𝜉2�0

𝑇𝑇

𝑇𝑇
= −

𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉
+

1
𝜉𝜉
𝐼𝐼1(𝜉𝜉,𝑇𝑇) 

= 𝐼𝐼2(𝜉𝜉,𝑇𝑇) 

 

∫ 𝑡𝑡2𝑒𝑒−𝜉𝜉𝑡𝑡𝑇𝑇
0  𝑑𝑑𝑡𝑡

𝑇𝑇
=
�𝑡𝑡
2𝑒𝑒−𝜉𝜉𝑡𝑡
−𝜉𝜉 �

0

𝑇𝑇

+ ∫ 2𝑡𝑡𝑒𝑒−𝜉𝜉𝑡𝑡
𝜉𝜉

𝑇𝑇
0  𝑑𝑑𝑡𝑡

𝑇𝑇
= −

𝑇𝑇𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉
+

2
𝜉𝜉
𝐼𝐼2(𝜉𝜉,𝑇𝑇) 

=  −
𝑇𝑇𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉
−

2 𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉2
+  

2
𝜉𝜉2

  𝐼𝐼1(𝜉𝜉,𝑇𝑇) = 𝐼𝐼3(𝜉𝜉,𝑇𝑇) 

We can now find the vector 𝐹𝐹𝐿𝐿𝜉𝜉𝑋𝑋 ,𝜉𝜉𝑌𝑌
𝑀𝑀 (𝑇𝑇) made of the factor loading. Let’s start with the expected short 

rates impact on the yield curve:  

For 𝑟𝑟0 (𝑡𝑡): 

𝐴𝐴(𝑢𝑢) =
1
3
𝑢𝑢2𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 −

4
3
𝑢𝑢𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 + 𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 

�� 𝐴𝐴(𝑢𝑢)
𝑇𝑇

0
𝑑𝑑𝑢𝑢� /𝑇𝑇 = �

1
−4/3
1/3

�

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� 

For 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)): 

𝐵𝐵(𝑢𝑢) = −
𝑒𝑒𝜉𝜉𝑋𝑋

2
𝑢𝑢2𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 +

3 𝑒𝑒𝜉𝜉𝑋𝑋

2
𝑢𝑢𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 
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�� 𝐵𝐵(𝑢𝑢)
𝑇𝑇

0
𝑑𝑑𝑢𝑢� /𝑇𝑇 =

⎝

⎜⎜
⎛

0
3 𝑒𝑒𝜉𝜉𝑋𝑋

2

−
𝑒𝑒𝜉𝜉𝑋𝑋

2 ⎠

⎟⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� 

For 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)):  

 𝐶𝐶(𝑢𝑢) = 𝑒𝑒3𝜉𝜉
𝑋𝑋

6
𝑢𝑢2𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 − 𝑒𝑒3𝜉𝜉

𝑋𝑋

6
𝑢𝑢𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 

�� 𝐶𝐶(𝑢𝑢)
𝑇𝑇

0
𝑑𝑑𝑢𝑢� /𝑇𝑇 =

⎝

⎜⎜
⎛

0

−
𝑒𝑒3𝜉𝜉𝑋𝑋

6
𝑒𝑒3𝜉𝜉𝑋𝑋

6 ⎠

⎟⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� 

For 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)):  

 

𝐷𝐷(𝑢𝑢) =
1
6
�−2 −  𝑒𝑒3𝜉𝜉𝑋𝑋 + 3 𝑒𝑒𝜉𝜉𝑋𝑋�𝑢𝑢2𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 +

1
6
�8 +  𝑒𝑒3𝜉𝜉𝑋𝑋 − 9 𝑒𝑒𝜉𝜉𝑋𝑋�𝑢𝑢𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 − 𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 + 1 

�∫ 𝐷𝐷(𝑢𝑢)𝑇𝑇
0 𝑑𝑑𝑢𝑢�

𝑇𝑇
= 1 +

⎝

⎜
⎛

−1
1
6
�8 +  𝑒𝑒3𝜉𝜉𝑋𝑋 − 9 𝑒𝑒𝜉𝜉𝑋𝑋�

1
6
�8 +  𝑒𝑒3𝜉𝜉𝑋𝑋 − 9 𝑒𝑒𝜉𝜉𝑋𝑋�

⎠

⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� 

We can now do the equivalent for expected risk premia. Their contributions to zero-coupon rate are:  

 

�∫ 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)�𝑑𝑑𝑢𝑢𝑇𝑇
0 �

𝑇𝑇
 

=
�∫ � 𝑢𝑢10 �𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕) 𝐴𝐴′(𝑇𝑇 − 𝑢𝑢) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕 + 𝟑𝟑)� 𝐵𝐵′(𝑇𝑇 − 𝑢𝑢) + 𝑬𝑬𝒕𝒕�𝝅𝝅(𝟏𝟏𝟎𝟎, +∞)� 𝐶𝐶′(𝑇𝑇 − 𝑢𝑢)� + �𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢) − 𝑢𝑢

10𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)�� 𝑑𝑑𝑢𝑢𝑇𝑇
0 �

𝑇𝑇  

This is an affine relation between the long-term rates and our key variables related to risk 
premia expectations. We’ll treat the fix term related to monetary policy risk premia later when we’ll 
establish the precise expression of 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢).  The factor loading relative to our key variables can 
be easily calculated. Let’s take for example the factor loading relative to 𝝅𝝅(𝟏𝟏𝟎𝟎, 𝒕𝒕).  

 

�∫ 𝑢𝑢

10
𝐴𝐴′(𝑇𝑇 − 𝑢𝑢)𝑇𝑇

0 𝑑𝑑𝑢𝑢� /𝑇𝑇  

= �∫ 𝑢𝑢

10
𝑒𝑒−𝜉𝜉𝑌𝑌(𝑇𝑇−𝑢𝑢)(1 − 𝑇𝑇−𝑢𝑢

3
) 𝑇𝑇

0 𝑑𝑑𝑢𝑢� /𝑇𝑇  

The result is:  

�𝑇𝑇/10 −(1 + 𝑇𝑇
3

)/10 1/30��
𝐼𝐼1(𝜉𝜉𝑌𝑌 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑌𝑌 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑌𝑌 ,𝑇𝑇)

�  
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All in all, we have the following relationship for the factor loading vectors.  

𝐹𝐹𝐿𝐿𝜉𝜉𝑋𝑋 ,𝜉𝜉𝑌𝑌
𝑀𝑀 =

⎝

⎜
⎜
⎜
⎛

0
0
0
1
0
0

𝑇𝑇/20⎠

⎟
⎟
⎟
⎞

+

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛ �

1
−4/3
1/3

�

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

�

⎝

⎜⎜
⎛

0
3 𝑒𝑒𝜉𝜉𝑋𝑋

2

−
𝑒𝑒𝜉𝜉𝑋𝑋

2 ⎠

⎟⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

�

⎝

⎜⎜
⎛

0

−
𝑒𝑒3𝜉𝜉𝑋𝑋

6
𝑒𝑒3𝜉𝜉𝑋𝑋

6 ⎠

⎟⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

�

⎝

⎜
⎛

−1
1
6
�8 +  𝑒𝑒3𝜉𝜉𝑋𝑋 − 9 𝑒𝑒𝜉𝜉𝑋𝑋�

1
6
�8 +  𝑒𝑒3𝜉𝜉𝑋𝑋 − 9 𝑒𝑒𝜉𝜉𝑋𝑋�

⎠

⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

�

�

𝑇𝑇/10

−(1 +
𝑇𝑇
3

)/10

1/30

�

′

�
𝐼𝐼1(𝜉𝜉𝑌𝑌,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑌𝑌,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑌𝑌,𝑇𝑇)

� 

�
0

𝑒𝑒3𝜉𝜉𝑌𝑌𝑇𝑇/30
−𝑒𝑒3𝜉𝜉𝑌𝑌/30

�

′

�
𝐼𝐼1(𝜉𝜉𝑌𝑌 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑌𝑌 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑌𝑌 ,𝑇𝑇)

� 

⎝

⎛

−𝑇𝑇/10
1

10
+ 𝑇𝑇/10 (1 − 𝑒𝑒3𝜉𝜉𝑌𝑌)/3

−(1 − 𝑒𝑒3𝜉𝜉𝑌𝑌)/30 ⎠

⎞

′

�
𝐼𝐼1(𝜉𝜉𝑌𝑌,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑌𝑌,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑌𝑌,𝑇𝑇)

� 

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

  

 

The factor loading for the instantaneous forward rates are easy to deduct from the previous 
relation:  

𝑓𝑓(𝑡𝑡,𝑇𝑇) =
𝜕𝜕(𝑇𝑇 𝑟𝑟𝑇𝑇(𝑡𝑡))

𝜕𝜕𝑇𝑇
 

 

𝐹𝐹𝐿𝐿𝜉𝜉𝑋𝑋 ,𝜉𝜉𝑌𝑌
𝐹𝐹 =

⎝

⎜
⎜
⎜
⎛

0
0
0
0
0
0

𝑇𝑇/10⎠

⎟
⎟
⎟
⎞

+

⎝

⎜
⎜
⎜
⎜
⎛

𝐴𝐴(𝑇𝑇)
𝐵𝐵(𝑇𝑇)
𝐶𝐶(𝑇𝑇)
𝐷𝐷(𝑇𝑇)

�
𝑇𝑇/10 −𝑇𝑇/30 0

0      𝑇𝑇/30𝑒𝑒3𝜉𝜉𝑌𝑌  0
−𝑇𝑇/10 𝑇𝑇(1 − 𝑒𝑒3𝜉𝜉𝑌𝑌)/30 0

� �
𝐼𝐼1(𝜉𝜉𝑌𝑌,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑌𝑌,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑌𝑌,𝑇𝑇)

�
⎠

⎟
⎟
⎟
⎟
⎞
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3/ Matrix of transition between the 7 current key variables and the 7 key variables expected at the 
horizon h.  

In our Kalman filter we have some rates expected in the future by investors. These rates are related, 
with the same factor loadings, to the key variables expected at their forecast horizon. Equation (A1bis) 
and (A2bis) show what these expectations should be if investors are coherent.  

𝐸𝐸𝑡𝑡(𝐾𝐾𝐾𝐾(𝑡𝑡 + ℎ)) =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + ℎ))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + ℎ + 1))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + ℎ + 3))
𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞))

𝐸𝐸𝑡𝑡(𝜋𝜋(10, 𝑡𝑡 + ℎ))
𝐸𝐸𝑡𝑡�𝜋𝜋(10, 𝑡𝑡 + ℎ + 3)�
𝐸𝐸𝑡𝑡�𝜋𝜋(10, +∞)� ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

 

𝐸𝐸𝑡𝑡(𝐾𝐾𝐾𝐾(𝑡𝑡 + ℎ)) = 𝑀𝑀(ℎ)𝐾𝐾𝐾𝐾(𝑡𝑡) 

 

With: 

 

 𝑀𝑀(ℎ) =

⎝

⎜
⎜
⎜
⎛

𝐴𝐴(ℎ)
𝐴𝐴(ℎ + 1)
𝐴𝐴(ℎ + 3)

0
0
0
0

𝐵𝐵(ℎ)
𝐵𝐵(ℎ + 1)
𝐵𝐵(ℎ + 3)

0
0
0
0

𝐶𝐶(ℎ)
𝐶𝐶(ℎ + 1)
𝐶𝐶(ℎ + 3)

0
0
0
0

𝐷𝐷(ℎ)
𝐷𝐷(ℎ + 1)
𝐷𝐷(ℎ + 3)

1
0
0
0

0
0
0
0

𝐴𝐴′(ℎ)
𝐴𝐴(ℎ + 3)

0

0
0
0
0

𝐵𝐵′(ℎ)
𝐵𝐵′(ℎ + 3)

0

0
0
0
0

𝐶𝐶′(ℎ)
𝐶𝐶′(ℎ + 3)

1 ⎠

⎟
⎟
⎟
⎞

 

 
Moreover, in the SPF survey, and not in the CF survey, people are asked about quarterly or annual 
average.  

Thus, we need a transition matrix with the average of M(h) for the period from h to h+p (p=0,25 for 
quarterly averages or 1 for annual average).  

M(h,p)= �∫ 𝑀𝑀(𝑢𝑢)ℎ+𝑠𝑠
ℎ 𝑑𝑑𝑢𝑢� /𝑑𝑑 

All these terms have analytical primitive and thus, it is possible to calculate these averages. Let’s take 
for example the term at the second line and first column of M(h), A(t+h+1).  

The average we are looking for is M(h, p)(2,1) =  �∫ 𝐴𝐴(𝑢𝑢 + 1)ℎ+𝑠𝑠
ℎ 𝑑𝑑𝑢𝑢� /𝑑𝑑.  

𝐴𝐴(𝑢𝑢 + 1) = 1
3
𝑒𝑒−𝜉𝜉𝑋𝑋(𝑢𝑢+1)𝑢𝑢 (𝑢𝑢 − 2) = 1

3
𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢2𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 − 2

3
𝑒𝑒−𝜉𝜉𝑋𝑋  𝑢𝑢𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢 

M(h, p)(2,1) = �0 −2
3
𝑒𝑒−𝜉𝜉𝑋𝑋 1

3
𝑒𝑒−𝜉𝜉𝑋𝑋��

𝐼𝐼1(𝜉𝜉𝑋𝑋 , ℎ + 𝑥𝑥) −
𝐼𝐼2(𝜉𝜉𝑋𝑋 , ℎ + 𝑥𝑥) −
𝐼𝐼3(𝜉𝜉𝑋𝑋 , ℎ + 𝑥𝑥) −

𝐼𝐼1(𝜉𝜉𝑋𝑋 , ℎ)
𝐼𝐼2(𝜉𝜉𝑋𝑋 , ℎ)
𝐼𝐼3(𝜉𝜉𝑋𝑋 , ℎ)

�/p 
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All the terms in this matrix M(h,p)= �∫ 𝑀𝑀(𝑢𝑢)ℎ+𝑠𝑠
ℎ 𝑑𝑑𝑢𝑢� /𝑑𝑑 have the same functional form 

(𝑎𝑎 𝑏𝑏 𝑐𝑐)�
𝐼𝐼1(𝜉𝜉𝑋𝑋 𝑜𝑜𝑟𝑟 𝑌𝑌, ℎ + 𝑥𝑥) −
𝐼𝐼2(𝜉𝜉𝑋𝑋 𝑜𝑜𝑟𝑟 𝑌𝑌, ℎ + 𝑥𝑥) −
𝐼𝐼3(𝜉𝜉𝑋𝑋 𝑜𝑜𝑟𝑟 𝑌𝑌, ℎ + 𝑥𝑥) −

𝐼𝐼1(𝜉𝜉𝑋𝑋 𝑜𝑜𝑟𝑟 𝑌𝑌, ℎ)
𝐼𝐼2(𝜉𝜉𝑋𝑋 𝑜𝑜𝑟𝑟 𝑌𝑌, ℎ)
𝐼𝐼3(𝜉𝜉𝑋𝑋 𝑜𝑜𝑟𝑟 𝑌𝑌, ℎ)

� /𝑥𝑥 + 𝛿𝛿 

With 𝛿𝛿 =0 for all terms except 𝛿𝛿 =1 for M(h,p)(1,4), M(h,p)(2,4), M(h,p)(3,4), M(h,p)(4,4), M(h,p)(5,7), 
M(h,p)(6,7) and M(h,p)(7,7).  

We give here the matrix ABC of the terms a, b, c (for the terms not equal to 0):  

ABC(1,1)= 1,−4/3, 1/3 
ABC(2,1)= 0,−2/3𝑒𝑒−𝜉𝜉𝑋𝑋 , 1/3𝑒𝑒−𝜉𝜉𝑋𝑋  
ABC(3,1)= 0, 2/3𝑒𝑒−3 𝜉𝜉𝑋𝑋 , 1/3 𝑒𝑒−3𝜉𝜉𝑋𝑋  

ABC(1,2)= 0, 3 𝑒𝑒𝜉𝜉
𝑋𝑋

2
,−𝑒𝑒𝜉𝜉

𝑋𝑋

2
 

ABC(2,2)= 1, 1/2,−1/2 
ABC(3,2)= 0,−3/2𝑒𝑒−2 𝜉𝜉𝑋𝑋 ,− 1/2 𝑒𝑒−2𝜉𝜉𝑋𝑋  
ABC(1,3)= 0,−1/6 𝑒𝑒3𝜉𝜉𝑋𝑋 , 1/6 𝑒𝑒3𝜉𝜉𝑋𝑋  
ABC(2,3)= 0, 1/6 𝑒𝑒2𝜉𝜉𝑋𝑋 , 1/6 𝑒𝑒2𝜉𝜉𝑋𝑋  
ABC(3,3)= 1, 5/6,1/6 

ABC(1,4)=-1, 
�8+ 𝑒𝑒3𝜉𝜉

𝑋𝑋
−9 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
, 
�−2− 𝑒𝑒3𝜉𝜉

𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
 

ABC(2,4)= (-1+
�8+ 𝑒𝑒3𝜉𝜉

𝑋𝑋
−9 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
+

�−2− 𝑒𝑒3𝜉𝜉
𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
)𝑒𝑒−𝜉𝜉𝑋𝑋  , (

�8+ 𝑒𝑒3𝜉𝜉
𝑋𝑋
−9 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
+ 2𝑥𝑥

�−2− 𝑒𝑒3𝜉𝜉
𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
) 𝑒𝑒−𝜉𝜉𝑋𝑋  

, 
�−2− 𝑒𝑒3𝜉𝜉

𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
𝑒𝑒−𝜉𝜉𝑋𝑋  

ABC(3,4)=(-1+
�8+ 𝑒𝑒3𝜉𝜉

𝑋𝑋
−9 𝑒𝑒𝜉𝜉

𝑋𝑋
�

2
+ 9𝑋𝑋

�−2− 𝑒𝑒3𝜉𝜉
𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
)𝑒𝑒−3𝜉𝜉𝑋𝑋  ,(

�8+ 𝑒𝑒3𝜉𝜉
𝑋𝑋
−9 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
+

6𝑥𝑥
�−2− 𝑒𝑒3𝜉𝜉

𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
) 𝑒𝑒−3𝜉𝜉𝑋𝑋, 

�−2− 𝑒𝑒3𝜉𝜉
𝑋𝑋
+3 𝑒𝑒𝜉𝜉

𝑋𝑋
�

6
𝑒𝑒−3𝜉𝜉𝑋𝑋  

ABC(5,5)= 1,−1/3, 0 
ABC(6,5)= 0,−1/3𝑒𝑒−3 𝜉𝜉𝑌𝑌 , 0 

ABC(5,6)= 0, 1/3 𝑒𝑒3𝑌𝑌, 0 

ABC(6,6)=  1, 1/3, 0 
 
ABC(5,7)= −1, (1 − 𝑒𝑒3𝜉𝜉𝑌𝑌)/3, 0 
ABC(6,7)= −1, (𝑒𝑒−3𝜉𝜉𝑌𝑌 − 1)/3, 0 
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4/ Expression of the Monetary Policy Risk Premium.   

We have seen how rates on discount bonds of various durations depend on surprises about short-term 
rates (factors loading 𝐹𝐹𝐿𝐿𝜉𝜉𝑋𝑋 ,𝜉𝜉𝑌𝑌

𝑀𝑀 ).  

If we call ∝1,∝2,∝3 the prices of risk for shocks on 𝑟𝑟0 (𝑡𝑡), 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 1)), 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)), we have:  

𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) =∝1 𝑇𝑇 �
1

−4/3
1/3

�

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� +∝2 𝑇𝑇

⎝

⎜⎜
⎛

0
3 𝑒𝑒𝜉𝜉𝑋𝑋

2

−
𝑒𝑒𝜉𝜉𝑋𝑋

2 ⎠

⎟⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

�

+∝3 𝑇𝑇

⎝

⎜⎜
⎛

0

−
𝑒𝑒3𝜉𝜉𝑋𝑋

6
𝑒𝑒3𝜉𝜉𝑋𝑋

6 ⎠

⎟⎟
⎞

′

�
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� 

𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) =

⎣
⎢
⎢
⎢
⎢
⎡

∝1 �
1

−4/3
1/3

� +∝2

⎝

⎜⎜
⎛

0
3 𝑒𝑒𝜉𝜉𝑋𝑋

2

−
𝑒𝑒𝜉𝜉𝑋𝑋

2 ⎠

⎟⎟
⎞

+∝3

⎝

⎜⎜
⎛

0

−
𝑒𝑒3𝜉𝜉𝑋𝑋

6
𝑒𝑒3𝜉𝜉𝑋𝑋

6 ⎠

⎟⎟
⎞

⎦
⎥
⎥
⎥
⎥
⎤
′

𝑇𝑇 �
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� 

We can observe that when T becomes very large, 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) converges toward a fix number and 
becomes independent of T.  

𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞) =

⎣
⎢
⎢
⎢
⎢
⎡

∝1 �
1

−4/3
1/3

� +∝2

⎝

⎜⎜
⎛

0
3 𝑒𝑒𝜉𝜉𝑋𝑋

2

−
𝑒𝑒𝜉𝜉𝑋𝑋

2 ⎠

⎟⎟
⎞

+∝3

⎝

⎜⎜
⎛

0

−
𝑒𝑒3𝜉𝜉𝑋𝑋

6
𝑒𝑒3𝜉𝜉𝑋𝑋

6 ⎠

⎟⎟
⎞

⎦
⎥
⎥
⎥
⎥
⎤
′

�
1/𝜉𝜉𝑋𝑋

1/𝜉𝜉𝑋𝑋2

2/𝜉𝜉𝑋𝑋3
� 

 

We also need the contributions of these risk premia to the rates:  

𝑀𝑀𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) = 1
𝑇𝑇 ∫ 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢)𝑑𝑑𝑢𝑢𝑇𝑇

0 =

⎣
⎢
⎢
⎢
⎢
⎡

∝1 �
1

−4/3
1/3

� +∝2

⎝

⎜
⎛

0
3 𝑒𝑒𝜉𝜉

𝑋𝑋

2

− 𝑒𝑒𝜉𝜉
𝑋𝑋

2 ⎠

⎟
⎞

+

∝3

⎝

⎜
⎛

0

−𝑒𝑒3𝜉𝜉
𝑋𝑋

6
𝑒𝑒3𝜉𝜉

𝑋𝑋

6 ⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎥
⎤
′

�
𝐼𝐼𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

�/T 
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With:  

𝐼𝐼𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇) = � 𝑢𝑢 𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑢𝑢)𝑑𝑑𝑢𝑢
𝑇𝑇

0
=

𝑇𝑇
𝜉𝜉𝑋𝑋

− 𝑇𝑇/𝜉𝜉𝑋𝑋 𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇) 

𝐼𝐼𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇) = � 𝑢𝑢 𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑢𝑢)𝑑𝑑𝑢𝑢
𝑇𝑇

0
= � (−𝑢𝑢 

𝑒𝑒−𝜉𝜉𝑋𝑋𝑢𝑢

𝜉𝜉𝑋𝑋
+

1
𝜉𝜉𝑋𝑋
𝑢𝑢 𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇))𝑑𝑑𝑢𝑢

𝑇𝑇

0

= −
𝑇𝑇
𝜉𝜉𝑋𝑋

𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇) + 𝐼𝐼𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)/𝜉𝜉𝑋𝑋 

 

 𝐼𝐼𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇) = ∫ 𝑢𝑢 𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑢𝑢)𝑑𝑑𝑢𝑢𝑇𝑇
0 = ∫ (−𝑢𝑢2𝑒𝑒−𝜉𝜉𝜉𝜉

𝜉𝜉
+ 2

𝜉𝜉
𝑢𝑢 𝐼𝐼2(𝜉𝜉,𝑢𝑢))𝑑𝑑𝑢𝑢𝑇𝑇

0  

=− 𝑇𝑇
𝜉𝜉𝑋𝑋
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)+2 𝐼𝐼𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)/𝜉𝜉𝑋𝑋 

We also need the fix term in the affine relationship between the rates or forward rates and our key 
variables.  

For the rates, it is:   

�∫ �𝑀𝑀𝑀𝑀𝑀𝑀∝1,∝2,∝3(𝑢𝑢)−𝜉𝜉
10𝑀𝑀𝑀𝑀𝑀𝑀∝1,∝2,∝3(10)�𝑑𝑑𝑢𝑢𝑇𝑇

0 �

𝑇𝑇
 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) − 𝑇𝑇

20
 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3

(10) 

For the forward, it is 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) − 𝑇𝑇
10

 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3
(10) 

 

5/ The model as a special case of Duffee (2002) class of essential affine models.  

The main characteristics of the essentially affine models are the following:  

- There is a length-n state vector 𝑥𝑥𝑡𝑡  that follows a stochastic differential equation of the form:  

𝑑𝑑𝑥𝑥𝑡𝑡 = (𝜇𝜇 − 𝐾𝐾𝑥𝑥𝑡𝑡) 𝑑𝑑𝑡𝑡 + Σ   d𝑊𝑊𝑡𝑡
∗  

Here, 𝑎𝑎 = 7 (𝐿𝐿𝑢𝑢𝑟𝑟 𝑘𝑘𝑒𝑒𝐷𝐷 𝑁𝑁𝑎𝑎𝑟𝑟𝑏𝑏𝑎𝑎𝑏𝑏𝑞𝑞𝑒𝑒𝑠𝑠), 𝜇𝜇 = 0,𝐾𝐾 = −𝑑𝑑𝑀𝑀(0)
𝑑𝑑𝑡𝑡

 

In our model, 𝑑𝑑𝑀𝑀(0)
𝑑𝑑𝑡𝑡

 𝑞𝑞𝑏𝑏𝑘𝑘𝑒𝑒 𝑀𝑀(ℎ) depends only on two parameters: 𝜉𝜉𝑋𝑋 and 𝜉𝜉𝑌𝑌 

- The continuously-compounded risk-free rate is an affine function of the state vector: 

𝑟𝑟𝑡𝑡 = 𝛿𝛿0 + 𝛿𝛿1′𝑥𝑥𝑡𝑡 

Here, 𝛿𝛿0 = 0, 𝛿𝛿1 =

⎝

⎜⎜
⎜
⎛

1
0
0
0
0
0
0⎠

⎟⎟
⎟
⎞

 

- The prices of risk have the form: 𝜆𝜆0 + 𝜆𝜆1 𝑥𝑥𝑡𝑡. 
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Here, 𝜆𝜆0 =

⎝

⎜
⎜
⎜
⎜
⎛

𝛼𝛼1 −𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)/10
𝛼𝛼2 −𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)/10
𝛼𝛼3 −𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)/10
−𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(10)/10

0
0
0 ⎠

⎟
⎟
⎟
⎟
⎞

 and 𝜆𝜆1 =

⎝

⎜
⎜
⎜
⎛

0
0
0
0
0
0
0

     

0
0
0
0
0
0
0

     

0
0
0
0
0
0
0

    

1/10
1/10
1/10
1/10

0
0
0

    

0
0
0
0
0
0
0

    

0
0
0
0
0
0
0

    

0
0
0
0
0
0
0

 

⎠

⎟
⎟
⎟
⎞

 

 

6/ Changes of the Monetary Policy Risk Premium as a potentially hidden factor.   

In this version of the model, the monetary policy risk premium is assumed to be fixed. This is obviously 
a simplification as this risk premium (as indeed all risk premia!) is likely to change over time.    

In the main text, we defend the idea that when the monetary policy risk premium changes it could be 
a perfectly hidden factor, in the sense that a combination of changes in other factors could have  
exactly the same impact on the yield curve.  

The reason is relatively simple. For convenience, we have expressed the bonds factor loading relative 

to expected short rates as functions of �
𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇)
𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇)

� (plus 1 for the dependency of rates relative to the 

equilibrium short rate). But we could have expressed the factor loadings relative to short rates as 

functions of four other variables: 1, 1−𝑒𝑒
−𝜉𝜉𝑇𝑇

𝑇𝑇
, 𝑒𝑒−𝜉𝜉𝑇𝑇 and  𝑇𝑇𝑒𝑒−𝜉𝜉𝑇𝑇  as: 

𝐼𝐼1(𝜉𝜉𝑋𝑋 ,𝑇𝑇) = 1−𝑒𝑒−𝜉𝜉𝑇𝑇

𝑇𝑇
, 𝐼𝐼2(𝜉𝜉𝑋𝑋 ,𝑇𝑇) = −𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉
+ 1

𝜉𝜉
𝐼𝐼1(𝜉𝜉,𝑇𝑇),   𝐼𝐼3(𝜉𝜉𝑋𝑋 ,𝑇𝑇) =  −𝑇𝑇𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉
− 2 𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉2
+  2

𝜉𝜉2
  𝐼𝐼1(𝜉𝜉,𝑇𝑇), . 

That means that all other factors that have an impact on the yield curve also function of the same four 
variables are hidden factors. There exists a combination of changes to 𝑟𝑟0 (𝑡𝑡), 𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 +
1)),𝐸𝐸𝑡𝑡(𝑟𝑟0 (𝑡𝑡 + 3)) 𝑎𝑎𝑎𝑎𝑑𝑑 𝐸𝐸𝑡𝑡(𝑟𝑟0 (+∞)) that would produce exactly the same impact.  

It is easy to check that 𝑀𝑀𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) is in this situation. When the ∝1,∝2,∝3parameters change, 

the impact on bonds of duration T is a linear combination of the function 1, 1−𝑒𝑒
−𝜉𝜉𝑇𝑇

𝑇𝑇
, 𝑒𝑒−𝜉𝜉𝑇𝑇  and  𝑇𝑇𝑒𝑒−𝜉𝜉𝑇𝑇.    
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 Annex B 

Extracting the equilibrium duration risk premium from swap rates 

 

At a very long horizon, all expectations should be stabilized. The slope of the forward rates curve is no 
more influenced by expected changes in short rates or risk premia. As a result, it depends only on 
equilibrium risk premia and the volatility correction. Moreover, at a very long horizon, the risk premium 
linked to monetary policy shock only changes the level of the forward rates curve. The slope is only 
dependent on the risk premium linked to bonds’ duration. This was apparent in equation (11). 

 

(11) 𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡 �𝑟𝑟0 (𝑡𝑡 + 𝑇𝑇)� + ∫  𝑇𝑇(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢𝑡𝑡+𝑇𝑇
𝑡𝑡 − 𝜎𝜎2(𝑇𝑇)

2
 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) 

When T becomes very large, the slope at date t converges to 𝑇𝑇𝑒𝑒 (𝑡𝑡)−𝑑𝑑𝜎𝜎2(𝑇𝑇)
𝑑𝑑𝑇𝑇

/2   where 𝑇𝑇𝑒𝑒 (𝑡𝑡) 
measures the equilibrium duration risk premium on one-year discount bond.   

This is a very important result for two reasons:  

- It is in principle possible to extract direclty this important information directly from the yield 
curve. 

- Once this information has been extracted, there is little information left in forward rates at 
very long horizon. Thus to « read » the forwards, in principle, we only need the full curve 
until a maturity like 10 years, when expectations are likely to be stabilized, and the slope of 
the forward rates for longer maturities.  

Unfortunately, this linearity at long horizon of forward rates does not emerge from GSW data. Figure 
represents the average of GSW forwards for the year 1990-2020 for horizon longer than 8 years. The 
second curve introduces the volatility correction (𝜎𝜎2(𝑇𝑇)/2) based on historical volatilities over these 
three decades. After correction, the average slope is not constant: it tends to decline, and then rises 
sharply after 25 years.   

Graph: Instantaneous forward rates at long horizons 
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Moreover, for the maturities between 8 and 15 years, the declining slope is almost the rule. On Figure 
we compare the difference between forward rates 9 and 10 years ahead – after volatility correction - 
and the difference between forward rates 14 and 15 years ahead: GSW forward rates generally rise 
more between years 8 and 9 than between years 14 and 15.  

Figure B1: Slope of forwards – after volatility correction.  

 

But, as discussed in the main text, this non-linearity should not come as a surprise as the functional 
form chosen by GSW uses only exponential terms.  

In this context, it is useful to look at the information available in swap rates. Swap rates have a big 
advantage: liquid constant maturity rates are directly observable while in the treasury markets one 
has to deal with a large number of bonds with various liquidity and maturity dates. From the swap 
curve, it is easy to extract with a recursive algorithm (i.e., without imposing an arbitrary and distorting 
functional form) a « true » zero-coupon yield curve. Thus, the question is how the equilibrium duration 
risk premium can be extracted from long maturities zero-coupon swap rates.   

At the end of this appendix, we demonstrate the following relation for long maturity bonds:  

(B1)      𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 + 1/2∫ 𝜎𝜎2 (𝑢𝑢) 𝑑𝑑𝑢𝑢𝑠𝑠
0 = 𝑎𝑎 + 𝑏𝑏 𝑏𝑏 + 1

2
𝑏𝑏2 𝑇𝑇𝑒𝑒  

Where 𝑟𝑟𝑠𝑠,𝑠𝑠 is the continuously compounded zero-coupon swap rate of maturity i, 𝑇𝑇𝑒𝑒 is the duration 
equilibrium risk premium, a and b are terms that are not dependent on maturity (but obviously 
change over time).  

In this equation, the convexity terms (1/2∫ 𝜎𝜎2 (𝑢𝑢) 𝑑𝑑𝑢𝑢)𝑠𝑠
0  can be estimated using the historical 

volatility of bond prices.   
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Thus, for all dates, we have estimated 𝑇𝑇𝑒𝑒 by using this equation (OLS estimates). We have done that 
using 5 maturities: 8,9,10, 12 and 15 years58.  

In general, the fit is impressive. In recent years, swap rates were available with a precision of 0.1 basis 
points. Equation (B1) generally fit the rates on maturities 8,9,10,12 and 15 years with a precision below 
0.5 basis points.  The shape of the yield curve at this long horizon seems in full coherence with our 
model of risk premia (i.e., risk premia based on durations, with a corrective factor depending on bonds 
exposition to monetary surprises).   

However, there are several dates where data seem to have been badly reported (with either absurd 
rates for some maturities or the rate of the previous day wrongly used). Thus, for a limited number of 
dates, there is the need for some manual (painful) cleansing59.  We have also smoothed the result by 
taking a moving average over the last week.  The following Figure compares the resulting risk premia 
with the GSW slopes of Figure B1.  

Figure B2: Equilibrium duration risk premium extracted from swap rates and GSW forward rates 
slopes.   

 

It appears that our estimate extracted from swap rates is significantly less volatile than GSW slopes. 
But, in general, it is close to GSW 9-10 slope, except in 2011-2013.  

 
58 This choice of maturities has two explanations. We do not want to use the extralong rates (30 years) since it is 
likely that there are some specific risk premia at this sort of horizon. Moreover, in the database we use (refinitiv, 
codes datastream TRUS3aa) all maturities, like 11, 13, 14 years, are not always available. Thus, we exclude them. 
Obviously, these missing data is also a problem to extract zero-coupon yields from coupon bearing yield curves. 
When necessary, we interpolate the 10, 12 and 15 years to replace the missing data while estimating the zero-
coupon rates.     
59 For example, on 23/12/1999, 15-year swap rate at 8.905 vs 7.25 for 10-year rate and 7.298 for 12-year rate. 
On 4/04/2001, 15-year swap rate at 7.365 vs 5.837 for 10-year rate and 5.953 for 12-year rate. 
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We use this estimate of 𝑇𝑇𝑒𝑒  in our model. Unfortunataly, in refenitiv/datastream, swap rates for the 12-
year maturity are only available since October 1999.  

Demonstration of equation (B1):  

The economics of the swap yield curve is the same as the one described in section 1, except that a 
specific credit risk premium 𝜋𝜋𝑠𝑠(𝑡𝑡) has to be added (linked to the difference of risk between short-
term T-Bills and interbank deposits). Thus equation (1) becomes:   

(1𝑏𝑏𝑏𝑏𝑠𝑠)       
𝑑𝑑𝑑𝑑(𝑡𝑡,𝑇𝑇)
𝑑𝑑(𝑡𝑡,𝑇𝑇)

=    (𝑟𝑟0 (𝑡𝑡)  + 𝜋𝜋𝑠𝑠(𝑡𝑡) +  𝜋𝜋(𝑇𝑇 − 𝑡𝑡, 𝑡𝑡)) 𝑑𝑑𝑡𝑡 + 𝜎𝜎(𝑇𝑇 − 𝑡𝑡, 𝑡𝑡)𝑑𝑑𝑑𝑑(𝑡𝑡) 

Thus, previous relations established for Treasuries are still accurate, but with: 

 𝑟𝑟𝑡𝑡
𝐸𝐸,0(𝑡𝑡) =  𝑟𝑟0 (𝑡𝑡)  + 𝜋𝜋𝑠𝑠(𝑡𝑡)60.   

Thus, the swap forward rates are:  

  (8𝑡𝑡𝑒𝑒𝑟𝑟) 𝑓𝑓(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡�𝑟𝑟𝑡𝑡+𝑇𝑇
𝑠𝑠,0 � + � 𝑇𝑇(𝑡𝑡,𝑢𝑢)  𝑑𝑑𝑢𝑢 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇)

𝑡𝑡+𝑇𝑇

𝑡𝑡
−
𝜎𝜎2(𝑇𝑇)

2
 

In the following, we skip the index t as the formulas are the same for all dates.   

If 𝑟𝑟𝑠𝑠,𝑠𝑠 is the continuously compounded sero-coupon rate of maturity i: 

𝑟𝑟𝑠𝑠,𝑠𝑠 = �� 𝑟𝑟𝑠𝑠,0(𝑢𝑢)𝑑𝑑𝑢𝑢 +
𝑠𝑠

0
� � 𝑇𝑇(𝑢𝑢)

𝑣𝑣

0
𝑑𝑑𝑢𝑢 𝑑𝑑𝑁𝑁 + � 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢) 𝑑𝑑𝑢𝑢

𝑠𝑠

0
− 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢

𝑠𝑠

0

𝑠𝑠

0
� /𝑏𝑏 

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = � 𝑟𝑟𝑠𝑠,0(𝑢𝑢) 𝑑𝑑𝑢𝑢 +
𝑠𝑠

0
� � 𝑇𝑇(𝑢𝑢)

𝑣𝑣

0
𝑑𝑑𝑢𝑢 𝑑𝑑𝑁𝑁 + � 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢) 𝑑𝑑𝑢𝑢

𝑠𝑠

0
− 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢

𝑠𝑠

0

𝑠𝑠

0
  

We assume that for horizon longer than L, investors expect that all key variables will have reached 
their equilibrium level. Thus for 𝑢𝑢 ≥ 𝐿𝐿, 𝑟𝑟𝑠𝑠,0(𝑢𝑢) = 𝑟𝑟𝑒𝑒

𝑠𝑠,0, 𝑇𝑇(𝑢𝑢) = 𝑇𝑇𝑒𝑒  and 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑇𝑇) =
𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞).  

Thus,, for 𝑏𝑏 ≥ 𝐿𝐿     

 

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = � 𝑟𝑟𝑢𝑢
𝑠𝑠,0𝑑𝑑𝑢𝑢 + (𝑏𝑏 − 𝐿𝐿)𝑟𝑟𝑒𝑒

𝑠𝑠,0 +
𝐿𝐿

0
� � 𝑇𝑇(𝑢𝑢)

𝑣𝑣

0
𝑑𝑑𝑢𝑢 𝑑𝑑𝑁𝑁

𝐿𝐿

0

+ � � 𝑇𝑇(𝑢𝑢)
𝑣𝑣

0
𝑑𝑑𝑢𝑢 𝑑𝑑𝑁𝑁 + � 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢)𝑑𝑑𝑢𝑢 + (𝑏𝑏 − 𝐿𝐿)𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞) 

𝐿𝐿

0

𝑠𝑠

𝐿𝐿

− 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢
𝑠𝑠

0
  

 

 
60 Yet, equation (1bis) is an approximation. We have introduced a specific risk in the swap yield curve (the credit 
risk). An important point is that this credit risk is not constant.  When 𝜋𝜋𝑠𝑠(𝑡𝑡) varies, there is an impact on the 
swap yield curve that we don’t find on Treasuries. Thus, there is potentially the need for another risk premium 
to compensate investors who bear that risk (the risk of changing credit risk premia…). However, changes in the 
swap credit risk (𝜋𝜋𝑠𝑠(𝑡𝑡)) are strongly mean reverting. The missing term in (8ter) is probably small, and on top of 
that not strongly linked to duration (a bit like the monetary policy risk premium). A fully consistent model would 
not change the final result – equation (B1) - about the information that can be extracted at the long end of the 
swap curve.    
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𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = � (𝑟𝑟𝑠𝑠,0(𝑢𝑢) + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢))𝑑𝑑𝑢𝑢 + (𝑏𝑏 − 𝐿𝐿)(𝑟𝑟𝑒𝑒
𝑠𝑠,0 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞))

𝐿𝐿

0

+� � 𝑇𝑇(𝑢𝑢)
𝑣𝑣

0
𝑑𝑑𝑢𝑢 𝑑𝑑𝑁𝑁 + � (� 𝑇𝑇(𝑢𝑢)

𝐿𝐿

0
𝑑𝑑𝑢𝑢 + � 𝑇𝑇(𝑢𝑢)

𝑣𝑣

𝐿𝐿
𝑑𝑑𝑢𝑢 )𝑑𝑑𝑁𝑁 − 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢

𝑠𝑠

0

𝑠𝑠

𝐿𝐿

𝐿𝐿

0
  

 

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = � (𝑟𝑟𝑠𝑠,0(𝑢𝑢) + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(𝑢𝑢))𝑑𝑑𝑢𝑢 + (𝑏𝑏 − 𝐿𝐿)(𝑟𝑟𝑒𝑒
𝑠𝑠,0 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞))

𝐿𝐿

0

+� � 𝑇𝑇(𝑢𝑢)
𝑣𝑣

0
𝑑𝑑𝑢𝑢 𝑑𝑑𝑁𝑁 +    � (� 𝑇𝑇(𝑢𝑢)

𝐿𝐿

0
𝑑𝑑𝑢𝑢 + (𝑁𝑁 − 𝐿𝐿)𝑇𝑇𝑒𝑒))𝑑𝑑𝑁𝑁 − 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢

𝑠𝑠

0

𝑠𝑠

𝐿𝐿

𝐿𝐿

0
  

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = 𝐶𝐶𝑠𝑠𝑡𝑡𝑒𝑒 + (𝑏𝑏 − 𝐿𝐿)(𝑟𝑟𝑒𝑒
𝑠𝑠,0 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞) + � 𝑇𝑇(𝑢𝑢)

𝐿𝐿

0
𝑑𝑑𝑢𝑢) + � (𝑁𝑁 − 𝐿𝐿)

𝑠𝑠

𝐿𝐿
𝑇𝑇𝑒𝑒𝑑𝑑𝑁𝑁

− 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢
𝑠𝑠

0
  

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = 𝐶𝐶𝑠𝑠𝑡𝑡𝑒𝑒 + (𝑏𝑏 − 𝐿𝐿)(𝑟𝑟𝑒𝑒
𝑠𝑠,0 + 𝑀𝑀𝑀𝑀𝑑𝑑∝1,∝2,∝3(+∞) + � 𝑇𝑇(𝑢𝑢)

𝐿𝐿

0
𝑑𝑑𝑢𝑢) +

1
2

(𝑏𝑏 − 𝐿𝐿)2𝑇𝑇𝑒𝑒

− 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢
𝑠𝑠

0
  

 

Thus,  

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 = 𝑎𝑎 + 𝑏𝑏 𝑏𝑏 +
1
2
𝑏𝑏2 𝑇𝑇𝑒𝑒  − 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢

𝑠𝑠

0
 

𝑏𝑏 𝑟𝑟𝑠𝑠,𝑠𝑠 + 1/2� 𝜎𝜎2 (𝑢𝑢)𝑑𝑑𝑢𝑢
𝑠𝑠

0
= 𝑎𝑎 + 𝑏𝑏 𝑏𝑏 +

1
2
𝑏𝑏2 𝑇𝑇𝑒𝑒  

Where a and b are terms that change over time, but are not dependent on i.  
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Annex C 

The true impact on prices of tactical risk premia 

The pricing model in continuous time we use has the benefit to be analytically tractable and offers 
many insights in the dynamic of risk premia. But it exaggerates the role of expected versus actual risk 
premia in the prices we observe. 

Let’s start again from equation (2bis):    

(2𝑏𝑏𝑏𝑏𝑠𝑠) 𝑟𝑟𝑡𝑡𝑇𝑇 =
�∫ 𝐸𝐸𝑡𝑡(𝑟𝑟𝜉𝜉+𝑡𝑡

0 )𝑇𝑇
0 𝑑𝑑𝑢𝑢�

𝑇𝑇
+

�∫ 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑢𝑢,𝑡𝑡+𝑇𝑇−𝑢𝑢)�𝑑𝑑𝑢𝑢𝑇𝑇
0 �

𝑇𝑇
− (∫ 𝐸𝐸𝑡𝑡(𝜎𝜎2

𝑇𝑇
0 (𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢))𝑑𝑑𝑢𝑢)/2𝑇𝑇     

This is the pricing that should result from the working of efficient markets. On the right-hand side, all 
terms relate to expected variables. But in the real life, due to investment horizons that are counted in 
months or years rather than days, current actual risk premia play a bigger role.  

Most investors have a natural horizon when they make tactical investment decisions. They try to form 
an opinion about where markets will stand at this horizon and invest depending on the expected return 
at this horizon. A fundamentalist will forecast the long-term rates at the horizon H on the basis of 
equation (2bis). In order to choose how much to invest today in a bond of maturity T, the 
fundamentalist investor needs to forecast the expected yield at horizon H on a bond of remaining 
maturity T-H.  

Thus:   

𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝐻𝐻𝑇𝑇−𝐻𝐻) =
�∫ 𝐸𝐸𝑡𝑡�𝑟𝑟𝜉𝜉+𝑡𝑡+𝐻𝐻

0 �𝑇𝑇−𝐻𝐻
0 𝑑𝑑𝑢𝑢�

𝑇𝑇−𝐻𝐻
+

�∫ 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑢𝑢,𝑡𝑡+𝑇𝑇−𝑢𝑢)�𝑑𝑑𝑢𝑢𝑇𝑇−𝐻𝐻
0 �

𝑇𝑇−𝐻𝐻
− (∫ 𝐸𝐸𝑡𝑡(𝜎𝜎2

𝑇𝑇−𝐻𝐻
0 (𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢))𝑑𝑑𝑢𝑢)/2(𝑇𝑇 − 𝐻𝐻)   

Here again, in the right-hand side of the equation, all the variables are related to pure expectations. 
The fundamentalist investor crucially needs to form expectations on the future risk premia required 
by future market participants. But in the second stage, when the fundamentalist investor decides how 
much he will invest between now and time t+H, the decision depends on his own current required risk 
premium.    

To make the solution of this problem analytically tractable, let’s suppose that this fundamentalist 
investor with an horizon H requires to invest on a bond of duration D an annualized risk premium 
𝜋𝜋𝐹𝐹,𝐻𝐻(D,s) for all dates s between t and t+H.  

In order to get this return on a bond maturing at date TT, it needs to expect the following process 
between t and t+H.  

       
𝑑𝑑𝑑𝑑(𝑡𝑡,𝑇𝑇𝑇𝑇)
𝑑𝑑(𝑡𝑡,𝑇𝑇𝑇𝑇)

=    (𝑟𝑟𝑡𝑡0  +  𝜋𝜋𝐹𝐹,𝐻𝐻(𝑇𝑇𝑇𝑇 − 𝑡𝑡, 𝑡𝑡)) 𝑑𝑑𝑡𝑡 + 𝜎𝜎(𝑇𝑇𝑇𝑇 − 𝑡𝑡, 𝑡𝑡)𝑑𝑑𝑑𝑑(𝑡𝑡) 

Applying Itô’s lemma to this equation, we easily find how the initial price of a bond of maturity T 
depends on the expected price at date t+H.  

 𝑳𝑳𝑳𝑳𝑔𝑔 (𝑑𝑑(𝑡𝑡, 𝑡𝑡 + 𝑇𝑇))  

= 𝐸𝐸(𝐿𝐿𝐿𝐿𝑔𝑔(𝑑𝑑(𝑡𝑡 + ℎ,𝑇𝑇 − 𝐻𝐻) + 𝐸𝐸𝑡𝑡 �−� 𝑟𝑟𝑠𝑠0
𝑡𝑡+𝐻𝐻

𝑡𝑡
𝑑𝑑𝑠𝑠  − � 𝜋𝜋(𝑡𝑡 + 𝑇𝑇 − 𝑠𝑠, 𝑠𝑠)𝑑𝑑𝑠𝑠

𝑡𝑡+𝐻𝐻

𝑡𝑡
 

+ 1
2� � 𝜎𝜎2

𝑡𝑡+𝐻𝐻

𝑡𝑡
(𝑡𝑡 + 𝑇𝑇 − 𝑠𝑠, 𝑠𝑠)𝑑𝑑𝑠𝑠� 
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It is easy to show that (2bis) becomes (2ter):   

(2𝑡𝑡𝑒𝑒𝑟𝑟) 𝑟𝑟𝑡𝑡𝑇𝑇 =
�∫ 𝐸𝐸𝑡𝑡(𝑟𝑟𝑢𝑢+𝑡𝑡0 )𝑇𝑇
0 𝑑𝑑𝑢𝑢�

𝑇𝑇
+
∫ 𝜋𝜋𝐹𝐹,𝐻𝐻(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)𝑑𝑑𝑢𝑢𝐻𝐻
0 + ∫ 𝐸𝐸𝑡𝑡�𝜋𝜋(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢)�𝑑𝑑𝑢𝑢𝑇𝑇

𝐻𝐻
𝑇𝑇

− (� 𝐸𝐸𝑡𝑡(𝜎𝜎2
𝑇𝑇

0
(𝑢𝑢, 𝑡𝑡 + 𝑇𝑇 − 𝑢𝑢))𝑑𝑑𝑢𝑢)/2𝑇𝑇 

 

The change may appear limited, but it is conceptually important as it raises very much the importance 
of the investors “true” risk premia (𝜋𝜋𝐹𝐹,𝐻𝐻(D,s)) relative to what they believe are the current and future 
market risk premia (𝐸𝐸𝑡𝑡�𝜋𝜋(𝐷𝐷, 𝑠𝑠)�.  

As a result, observed prices reflect a mix of “true” risk premia and “guessed” risk premia (i.e., market 
risk premia considered as normal by investors).  
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Annex D 

 Details of some calculations. 

This annex provides the demonstrations of some results discussed in the main text. 

1/ Relationship between forward rates and expectations.  

Assuming that risk premia are proportional to durations.  

We demonstrate here the equation (10).  

𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) = � 𝑓𝑓(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢/𝐷𝐷
𝑇𝑇+𝐷𝐷

𝑇𝑇
 

 

𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 ) = � 𝐸𝐸𝑡𝑡(𝑓𝑓(𝑡𝑡 + 𝑇𝑇,𝑢𝑢)) 𝑑𝑑𝑢𝑢/𝐷𝐷
𝐷𝐷

0
 

 

𝐸𝐸𝑡𝑡�𝑓𝑓(𝑡𝑡 + 𝑇𝑇,𝑢𝑢)� = 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇+𝑢𝑢0 ) + � 𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇+𝑢𝑢

𝑡𝑡+𝑇𝑇
−
𝜎𝜎2(𝑢𝑢)

2
 

𝐸𝐸𝑡𝑡�𝑓𝑓(𝑡𝑡 + 𝑇𝑇,𝑢𝑢)� = 𝑓𝑓(𝑡𝑡,𝑢𝑢 + 𝑇𝑇) −� 𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇

𝑡𝑡
+
𝜎𝜎2(𝑢𝑢 + 𝑇𝑇)

2
−
𝜎𝜎2(𝑢𝑢)

2
 

𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 ) = 𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇)  − 1/𝐷𝐷� (� 𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇

𝑡𝑡
−
𝜎𝜎2(𝑢𝑢 + 𝑇𝑇)

2
+
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

𝐷𝐷

0
 

𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 ) = 𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) −� 𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇

𝑡𝑡
+ 1/𝐷𝐷� (

𝜎𝜎2(𝑢𝑢 + 𝑇𝑇)
2

−
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

𝐷𝐷

0
 

𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 ) + � 𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇

𝑡𝑡
− 1/𝐷𝐷� (

𝜎𝜎2(𝑢𝑢 + 𝑇𝑇)
2

−
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

𝐷𝐷

0
 

With the addition of monetary risk premia  

The existence of the monetary risk premia adds the term MRP(T) to f(t,T), the instantaneous forward 
rate at the horizon T.   

Thus, we have to add ∫ 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/𝐷𝐷𝑇𝑇+𝐷𝐷
𝑇𝑇  to the forward rate  𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) and ∫ 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/𝐷𝐷𝐷𝐷

0  to 
the expectations 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 ). 

𝐹𝐹𝐷𝐷(𝑡𝑡,𝑇𝑇) = 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+𝑇𝑇𝐷𝐷 ) + � 𝑇𝑇(𝑡𝑡, 𝑠𝑠) 𝑑𝑑𝑠𝑠
𝑡𝑡+𝑇𝑇

𝑡𝑡
+ � 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/𝐷𝐷

𝑇𝑇+𝐷𝐷

𝑇𝑇
 −� 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/𝐷𝐷

𝐷𝐷

0

− 1/𝐷𝐷� (
𝜎𝜎2(𝑢𝑢 + 𝑇𝑇)

2
−
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

𝐷𝐷

0
 

We can introduce in this expression the risk premium on the 10-year discount bond: 𝐸𝐸𝑡𝑡(𝜋𝜋(10, 𝑠𝑠)) =
10 𝑇𝑇(𝑡𝑡, 𝑠𝑠) + 𝑀𝑀𝑀𝑀𝑑𝑑(10). Thus for the 10-year rates forwards at the horizon of 3 months and one year, 
we have:   
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𝐹𝐹10(𝑡𝑡, 1) = 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+110 ) + 𝐸𝐸𝑡𝑡(� 𝜋𝜋(10, 𝑠𝑠)/10 𝑑𝑑𝑠𝑠)
𝑡𝑡+1

𝑡𝑡
−
𝑀𝑀𝑀𝑀𝑑𝑑(10)

10
+ � 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/10

11

10
 

−� 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/10
1

0
− 1/10� (

𝜎𝜎2(𝑢𝑢 + 1)
2

−
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

10

0
 

and  

 

𝐹𝐹10(𝑡𝑡, 0,25) = 𝐸𝐸𝑡𝑡�𝑟𝑟𝑡𝑡+0,25
10 � + 𝐸𝐸𝑡𝑡(�

𝜋𝜋(10, 𝑠𝑠)
10

𝑑𝑑𝑠𝑠)
𝑡𝑡+0,25

𝑡𝑡
− 0,25 

𝑀𝑀𝑀𝑀𝑑𝑑(10)
10

+ � 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/10
10,25

10
 −� 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/10

0,25

0

− 1/10� (
𝜎𝜎2(𝑢𝑢 + 0,25)

2
−
𝜎𝜎2(𝑢𝑢)

2
) 𝑑𝑑𝑢𝑢

10

0
 

Thus, we have the following relation for the forward premium at one-year horizon minus the forard 
premium at the 3-month horizon :  

(𝐹𝐹10(𝑡𝑡, 1) − 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+110 )) −( 𝐹𝐹10(𝑡𝑡, 0,25) − 𝐸𝐸𝑡𝑡�𝑟𝑟𝑡𝑡+0,25
10 �) =  𝐸𝐸𝑡𝑡 �∫

𝜋𝜋(10,𝑠𝑠)
10

𝑑𝑑𝑠𝑠𝑡𝑡+1
𝑡𝑡+25 � − 0,75 𝑀𝑀𝑀𝑀𝑀𝑀(10)

10
 

+∫ 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/1011
10,25  − ∫ 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢/101

0,25 − 1/10∫ (𝜎𝜎
2(𝑢𝑢+1)
2

− 𝜎𝜎2(𝑢𝑢+0,25)
2

) 𝑑𝑑𝑢𝑢10
0  

We have the following expression for average expected risk premia on 10-year bonds between the 3-
month and one -year horizon:  

4
3
𝐸𝐸𝑡𝑡 �∫ 𝜋𝜋(10, 𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡+1

𝑡𝑡+25 � = 40
3
�(𝐹𝐹10(𝑡𝑡, 1) − 𝐸𝐸𝑡𝑡(𝑟𝑟𝑡𝑡+110 )) − ( 𝐹𝐹10(𝑡𝑡, 0,25) − 𝐸𝐸𝑡𝑡�𝑟𝑟𝑡𝑡+0,25

10 �)� + 𝐶𝐶𝑠𝑠𝑡𝑡𝑒𝑒   

𝐶𝐶𝑠𝑠𝑡𝑡𝑒𝑒 =  𝑀𝑀𝑀𝑀𝑑𝑑(10)

−
4
3
�� 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢

11

10,25
 −� 𝑀𝑀𝑀𝑀𝑑𝑑(𝑢𝑢) 𝑑𝑑𝑢𝑢

1

0,25

− � (
𝜎𝜎2(𝑢𝑢 + 1)

2
−
𝜎𝜎2(𝑢𝑢 + 0,25)

2
) 𝑑𝑑𝑢𝑢

10

0
� 

With the parameters of the model, the constant is equal to 75 basis points.  

 

2/ Volatility correction with transitory shocks.  

We assume that the square-volatility  𝜎𝜎2(𝑇𝑇, 𝑡𝑡) takes the form:  

𝜎𝜎2(𝑇𝑇, 𝑡𝑡) = 𝜆𝜆 �1 + 𝑎𝑎𝑒𝑒−𝜉𝜉𝑡𝑡�𝑇𝑇2  

This relation states that there is a long-term equilibrium (with the observed historical volatility of 9% 
for a 10-year discount bond,  𝜆𝜆 = 8.1 10−5), some short-term disturbances and an exponential 
convergence at pace 𝜉𝜉. 

According to equation (4), the volatility correction to instantaneous forward rates is:  

−𝜎𝜎2(𝑇𝑇,𝑡𝑡)
2

+ (∫ 𝐸𝐸𝑡𝑡 �
𝜕𝜕𝜎𝜎2(𝑢𝑢,𝑡𝑡+𝑇𝑇−𝑢𝑢)

𝜕𝜕𝑡𝑡
� 𝑑𝑑𝑢𝑢)/2𝑇𝑇

0  
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Thus, with our assumption regarding 𝜎𝜎2(𝑇𝑇, 𝑡𝑡): 

−  𝜆𝜆
2
�1 + 𝑎𝑎𝑒𝑒−𝜉𝜉𝑡𝑡�𝑇𝑇2+(∫ 𝜆𝜆 𝑎𝑎 𝜁𝜁 𝑒𝑒−𝜉𝜉(𝑇𝑇−𝑢𝑢) 𝑢𝑢2 𝑑𝑑𝑢𝑢)/2𝑇𝑇

0  

= −
𝜆𝜆
2

 �1 + 𝑎𝑎𝑒𝑒−𝜉𝜉𝑡𝑡�𝑇𝑇2 +
𝜆𝜆 𝑎𝑎 𝜉𝜉

2
 𝑒𝑒−𝜉𝜉𝑇𝑇 �   𝑢𝑢2𝑒𝑒𝜉𝜉𝑢𝑢 𝑑𝑑𝑢𝑢

𝑇𝑇

0
 

The integral term has an analytical solution:  

� 𝑒𝑒𝜉𝜉𝑠𝑠
𝑇𝑇

0
𝑠𝑠2𝑑𝑑𝑠𝑠 = (

𝑒𝑒𝜉𝜉𝑠𝑠𝑠𝑠2

𝜉𝜉
)0𝑇𝑇 −

2
𝜉𝜉
� 𝑒𝑒𝜉𝜉𝑠𝑠
𝑇𝑇

0
𝑠𝑠 𝑑𝑑𝑠𝑠 =

𝑒𝑒𝜉𝜉𝑇𝑇𝑇𝑇2

𝜉𝜉
−

2
𝜉𝜉
�
𝑒𝑒𝜉𝜉𝑠𝑠𝑠𝑠
𝜉𝜉

�
0

𝑇𝑇

+
2
𝜉𝜉2
� 𝑒𝑒𝜉𝜉𝑠𝑠
𝑇𝑇

0
𝑑𝑑𝑠𝑠

=
𝑒𝑒𝜉𝜉𝑇𝑇𝑇𝑇2

𝜉𝜉
−

2𝑒𝑒𝜉𝜉𝑇𝑇𝑇𝑇
𝜉𝜉2

+
2
𝜉𝜉3
�𝑒𝑒𝜉𝜉𝑇𝑇 − 1� 

We find the resulting volatility corrections for the forward rate at the T horizon:  

(𝐷𝐷1)    −
𝜆𝜆
2

 𝑇𝑇2 −
𝜆𝜆 𝑎𝑎 
𝜉𝜉
𝑇𝑇 +

𝜆𝜆 𝑎𝑎 
𝜉𝜉2

�1 − 𝑒𝑒−𝜉𝜉𝑇𝑇� 

And for the rate on a T-year discount bond (𝑟𝑟𝑡𝑡𝑇𝑇 = ∫ 𝑓𝑓(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑢𝑢/𝑇𝑇𝑇𝑇
0 ) :  

  (𝐷𝐷2)    −
𝜆𝜆
6

 𝑇𝑇2 −
𝜆𝜆 𝑎𝑎 
2𝜉𝜉

𝑇𝑇 +
𝜆𝜆 𝑎𝑎 
𝜉𝜉2

−
𝜆𝜆 𝑎𝑎 
𝜉𝜉2

(
1 − 𝑒𝑒−𝜉𝜉𝑇𝑇

𝜉𝜉𝑇𝑇
) 

This relation has been used with two values of 𝜉𝜉  in Figure 4 in the main text. 

When 𝜉𝜉 is very large, the correction tends to −𝜆𝜆
2

 𝑇𝑇2 for the forwards. That means that the current 
volatility plays no role, and the correction depends only on the equilibrium volatility. When 𝜉𝜉 tends 

towards 0, the correction tends towards −𝜆𝜆
2

(1 + 𝑎𝑎)𝑇𝑇2 and depends only on the current volatility. 

As it is apparent in Figure 3, volatility seems to return rapidly to its long-term average after a shock. 
Around 80% of volatility shocks have been historically corrected after one year.  

The high value of 𝜉𝜉  has some strong and interesting consequences for the volatility corrections 
resulting from (D1) et (D2).  

Firstly, we can note that the third term (𝜆𝜆 𝑎𝑎 
𝜉𝜉2
�1 − 𝑒𝑒−𝜉𝜉𝑇𝑇� for the forwards) is probably rather small. 

Assume for example that a=3 (the volatility of the 10-year discount bound is temporarily very high at 
2x9%=18%), the third term is then around 1 basis points for all long maturities (for 𝜉𝜉 = 1.6). Only for 
very low, and unrealistic, values of 𝜉𝜉, this term becomes significant.  

The most important terms that are dependent on a (−𝜆𝜆 𝑎𝑎 
𝜉𝜉
𝑇𝑇  for the forwards and 𝜆𝜆 𝑎𝑎 

2𝜉𝜉
𝑇𝑇 for the rates), 

are linearly dependent on the horizon. 
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